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ON THE OCEANOGRAPHY OF HUDSON BAY: 


an atlas presentation of data obtained in 1961 
F. G. Barber and C. J, Glennie 
The Data 


The oceanographic data presented pictorially here were obtained on a 
cruise of the motor vessels ''Calanus" and ''Theta" into the region of Hudson 
Bay (Figure 1) during the navigation season of 1961, and were reported in 
data records of the Canadian Oceanographic Data Centre (1964a; 1964b). The 
atlas consists mainly of horizontal distributions of temperature, salinity, and 
dissolved oxygen at standard depths, based on the material in these records. 
Figure captions are tabulated in List A, and in Figures 3 to 7 is indicated the 
approximate position of each of the stations occupied. The "Calanus" observa- 
tions (Figure 3) extended into Roes Welcome Sound and Frozen Strait, with 
most of the Hudson Bay stations being occupied in late July and early August 
(List B). These are presented with those occupied during Phase I of the ''Theta" 
cruise, This cruise was carried out from July 22 to October 10, which period 
was sub-divided for logistic purposes into four phases. This sub-division was 
adhered to in the data records, and as may be noted in them and in List C here, 
the relative extent of the serial data obtained during Phases III and IV is quite 
limited. For this reason, fewer distributions for these Phases are presented, 
and at some depths the data have been combined. 


Preparation 


In the preparation of the material, values at standard depth were 
obtained from a subjective evaluation of the vertical distributions of each 
property, and from an assessment of the T-S relations. Because of the general 
shallowness, this procedure was relatively uncomplicated and straightforward, 
except where the tabulated data are in doubt, for any reason including sampling 
error. The values were then plotted on the base sheet, and contoured to the 
appropriate interval. Contour lines are generally solid, but open contours are 
used occasionally. A dashed contour is one additional to the indicated interval, 
and a dotted contour indicates that the configuration is in doubt, because either 
the observation or the interpretation is in doubt. The density of the stations is 
not high, so that the precision of the contouring cannot be high. Further, the 
interpretations are not based on complete understanding of the area or the pro- 
cesses operative there, so that the detail of the interpretations will likely under- 
go revision. 


Certain characteristics of the structure of water property appear 
similar to those observed and described in areas other than Hudson Bay. For 
example, in August a seasonal thermocline with an associated mixed layer 
depth existed over much of Hudson Bay. This is shown in the presentation of 
Figures 85 and 86, derived from an assessment* of the "Theta" bathythermo- 
grams of Phase II. The seasonal thermocline is the only significant non- 
isothermal vertical gradient, so that below the thermocline the structure was 
generally isothermal at a value about -1.0 to -1.5°C, At some stations a slight 
minimum temperature occurred below the thermocline at a depth associated 
apparently with that of the vertical salinity gradient or halocline. This was 
slight in the north and west where surface and bottom values were about 
32.5°/oo, and marked in the south where surface values were less than 
30°/oo. The intensity and distribution of the halocline appears to be associated 
with in-flow of fresh water from land drainage, with vertical mixing due to tidal 
currents, with the general bathymetry, and with melt-water from ice-cover, ** 


Some evidence concerning the movement of the ice-cover after break- 
up suggests that late-season ice frequently is accumulated in the southwest to 
melt there, as occurred in the 1961 season (Figure 1). Masters of Department 
of Transport vessels have indicated that ice conditions in Hudson Bay south of 
latitude 56° and in James Bay were, at the end of July, 1961, the most severe 
experienced for a number of years. It seemed possible that a portion would 
survive the summer, but the evidence is that by early September a significant 
amount of ice did not exist in Hudson Bay, in agreement with the remark of 
Dunbar (1954, p. 15) that '- - Hudson Bay and Strait become virtually clear 
even in the worst years". 


Remarks Concerning Figures 


The plotting sheet, number S-176, was prepared by the Canadian Hydro- 
graphic Service for use as the base chart, and is a section of their chart 
number 5000 titled "Hudson Bay and Strait". 


* A less subjective analysis utilizing a technique described by Pattullo (1952) 
has been applied to all the ''Theta" bathythermograms. From this it appears 
that an increase in depth of the mixed layer late in the season in most areas 
is inhibited, probably by the shallow halocline. 


** Hudson Bay is almost completely ice-covered in winter (Hare, F.K. and 
Montgomery, M.R,. 1949; Lamont, A.H. 1949). 


The depth chart (Figure 2) is an interpretation of information on 
Canadian Hydrographic Service charts number 5449 and 5003, derived mainly 
from reconnaissance survey. Charts to larger scale based on controlled 
survey are available for a number of inshore areas, as indicated in the 
Labrador and Hudson Bay Pilot (1954), p. 7. 


"The bay has a greater length of about 930 miles between 
its extreme latitudes and a greatest width of 520 miles 
in latitude 60°N. The area of Hudson Bay inclusive of 
James Bay, Mansel, Coats and the other smaller islands 
and inlets is 246,000 square miles". 


In each vessel, the location of station positions as indicated in 
Figures 3 to 7 was, to a degree, determined by the requirements of other 
observations, and had been established prior to the cruise. In ''Calanus", 
other observations included nutrient and productivity measurements, and 
biological sampling with various types of nets and bottom samplers. In "Theta", 
on each Phase, a number of geological and geophysical observations were made, 
either while on station or while proceeding between stations. The program for 
Phases I and II were carried out generally as planned, except in the area east- 
ward of the Belcher Islands and in the southwest. The survey areas of both 
Phases III andIV resulted partly from the adverse weather conditions experienced, 
and partly from considerations of the serial data. In particular, the work of 
Phase IV represents an attempt to obtain information on the distribution of 
fresh water in the approach toJames Bay and north along the east coast of Hudson 
Bay, and on the extent of changes in the deep water in the northeast. 


In the distributions of Phase I, Figures 8 to 34, the location of the 
"Calanus" observations at each depth is indicated by open circles. These and 
the ''Theta'' observations were brought together without undue difficulty, 
although doubtful data exist in the records for both. Specifically, the tabulated 
data for "Theta" station 35 clearly exhibit errors. The deck log for the station 
indicates that the cast was successful, and that all reversing bottles were re- 
turned to the rack in proper order. It has been concluded that a blunder was 
made drawing the salinity samples, but a satisfactory rearrangement of the data 
for the station has not been possible. As well, the tabulated data for station 
120 are believed to be in error at depths greater than 30 metres, apparently 
due to a post-trip of bottles below that depth. 


The presentation of each property at a depth of "deepest observation" is 
used rather than as a ''bottom observation" as no attempt was made during the 
survey to obtain serial data consistently close to the bottom. Such presentation 
is made only for the observations of Phases I and II for, as mentioned, the data 
for the later Phases are limited. For this reason also, it seemed appropriate 
to combine the material of Phases II] and IV, and this has been done for most of 
the data (Figures 66 to 84), but not for the temperature distributions at the 
surface and 10 metres. 


In Figures 87 and 88are presented the T-S and T-Og relations for the 
"Theta" serial data by phase number. For each phase, a number of values lie 
outside the range indicated, particularly in the T-S presentation because of the 
prevalence of low-salinity water. Two such values were observed during 
Phase I, thirty-seven during Phase II, and three during Phase IV; the lowest 
salinity observed was 15.33°/oo at station 96. With regard to dissolved oxygen, 
two suspiciously low values were observed at station 136 of Phase II, one of 
which lies outside the range of the figure. The freezing point shown in 
Figure 87 is based on the work of Thompson (1932) according to LaFond (1951). 
In the T-O, relation of Figure 88 saturation at 27.11 and 32.5° /oo are as 
found by C.J.J. Fox according to Sverdrup et al. (1942, p. 188). 
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LIST A 
Figure Captions 


Place names in Hudson Baye 

An interpretation of bathymetric data. 

Approximate positions of the stations occupied by "Calanus" 
Approximate positions of the stations occupied by "Theta" 
during Phases I to IV respectively. 


Phase I 


"Theta' stations 1 - 58. 


Salinity at the surface. 

Salinity at 10 metres. 

Salinity at 20 metres. 

Salinity at 30 metres. 

Salinity at 50 metres. 

Salinity at 75 metres. 

Salinity at 100 metres. 

Salinity at 150 metres. 

Salinity at deepest observation. 


Temperature at the surface. 
Temperature at 10 metres. 
Temperature at 20 metres. 
Temperature at 30 metres. 
Temperature at 50 metres. 
Temperature at 75 metres, 
Temperature at 100 metres. 
Temperature at 150 metres. 
Temperature at deepest observation. 


Dissolved oxygen at the surface. 
Dissolved oxygen at 10 metres, 
Dissolved oxygen at 20 metres. 
Dissolved oxygen at 30 metres. 
Dissolved oxygen at 50 metres. 
Dissolved oxygen at 75 metres. 
Dissolved oxygen at 100 metres. 
Dissolved oxygen at 150 metres. 
Dissolved oxygen at deepest observation. 


Phase II 
"Calanus" repeat station 21. "Theta" stations 59-187. 


Figure 35. Salinity at the surface. 
36, Salinity at 10 metres. 
Lo Salinity at 20 metres. 
38. Salinity at 30 metres. 
39, Salinity at 50 metres. 
40. Salinity at 75 metres. 
41, Salinity at 100 metres. 
42. Salinity at 150 metres. 
43. Salinity at deepest observation. 


44, Temperature at the surface. 
45. Temperature at 10 metres. 
46. Temperature at 20 metres. 
47, Temperature at 30 metres. 
48. Temperature at 50 metres, 
49, Temperature at 75 metres, 
50. Temperature at 100 metres. 
51. Temperature at 150 metres, 


52, Temperature at deepest observation. 


53, Dissolved oxygen at the surface, 

54, Dissolved oxygen at 10 metres, 

55, Dissolved oxygen at 20 metres, 

56, Dissolved oxygen at 30 metres, 

57, Dissolved oxygen at 50 metres, 

58, Dissolved oxygen at 75 metres. 

59, Dissolved oxygen at 100 metres. 

60, Dissolved oxygen at 150 metres, 

61, Dissolved oxygen at deepest observation, 


Phase II 
"Calanus'' repeat station 6. "Theta'' stations 188-235, 


Figure 62, Temperature at the surface. 
63, Temperature at 10 metres, 


Phase IV 
"Theta'' stations 236-265 


Figure 64, Temperature at the surface. 
65. Temperature at 10 metres 


Phases III and IV 


Figure 66, Salinity at the surface. 
67. Salinity at 10 metres. 
68. Salinity at 20 metres. 
69. Salinity at 30 metres. 
70. Salinity at 50 metres. 
fs he Salinity at 75 metres. 
72. Salinity at 100 metres. 


13 Temperature at 20 metres. 

74. Temperature at 30 metres. 

oe Temperature at 50 metres. 

76. Temperature at 75 metres. 

Gis Temperature at 100 metres. 
78. Dissolved oxygen at the surface. 
19. Dissolved oxygen at 10 metres. 
80. Dissolved oxygen at 20 metres. 
81. Dissolved oxygen at 30 metres. 
82. Dissolved oxygen at 50 metres. 
83. Dissolved oxygen at 75 metres. 


84, Dissolved oxygen at 100 metres, 
Miscellaneous 


Figure 85. Depth to the top of the thermocline 
(layer depth) for Phase II. 


86, Temperature decrease in the 25-metre depth 
interval below the top of the thermocline 
for Phase II. 

St. T-S relation, Phases I to IV. 


88. T-O, relation, Phases I to IV. 


LIS.. 4B 
"CALANUS" 


Data and stations occupied at which serial data were observed 


Day /Month Station Nos. Day/Month Station Nos. 
22, July 2 10 (con't) 26,°27,,28 
23 3 Li 291804 31) 
24 4: 14 32 

29 9) 20 33 

26 6, 7* 23 34 

27 8 24 35, 36, 37 
30 10, 11 25 39 

31 12, 13 26 40 

2, August 14 27 41, 42 

6 LO, Ome 28 43, 44, 45 
if 19, 20, 21, 22 31 46 

9 24 1,September 2i** 
10 25 and 10 6** 


* station 7 was occupied in Knight Harbour, Marble Island. 
** a re-occupation of the earlier stations. 
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LIST Cc 
THEA 


Stations occupied at which serial data were observed, by Phase number and 
date, station number, and the total number of stations occupied. 


Phase No, Date Station No. Total 
I July 22 - 31 Lito 52: 55.1058 56 
II August 3 - Sept. 3 59 to 126, 128 to 187 128 
aa Sept. 10 - Sept. 21 188 to 197, 200, 210, 213, 22 


215, 217, 219, 222 to 227 


IV Sept. 27 - Oct,8 236 to 265 30 
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ABSTRACT 
The tides in the sea made up of the Labrador Sea, Davis Strait and Baffin 
Bay, are investigated theoretically. It is shown that the tidal regime is controlled 
mainly by the oscillations of the Atlantic. | 


One dimensional calculations for M2 and ix, , the main semidiurnal and 
diurnal constituents, yield profiles of the elevation :!oug the sea which compare 
well with observations once proper account is taker of the diffuse reflection which 
takes place at the head. Currents of the order of 10 cm/sec are calculated for 
M2 atthe mouth of the Sea of Labrador, while the currents due to Kj are in- 
significant everywhere in the sea except in Davis Strait. The maximum semidiurnal 
streams as well are found in Davis Strait where they are of the order of 15 cm/sec. 


- Two dimensional calculations allow us to take account of the earth's rotation. 
In order to carry. these out, the sea is schematized into three basins of constant 
width and depth.. With such a schematization it is possible to make some headway 
into the calculations once the concept of a narrow deep elongated sea is introduced. 
Such a sea is the intermediate between an infinite channel] of constant depth and a 
broad rectangular sea of consiant depth. As a consequence it will be shown that 
the motion in such a basin is controlled mainly by Kelvin waves and that the 
Poincaré waves are important only in the immediate vicinity of the boundaries. The 
motion is such a sea is described in a series of theorems. Once these are estab- 
lished it is possible to obtain a solution for Mz .for the model. A solution for K, 
fails to exist due to divergences at the inner boundaries. 


Using the solution for M, , cotidal charts for the elevation and the transport 
per unit width are drawn as well as a map of the elements of the current ellipses. 
The agreement between the cotidal chart for the elevation derived from coastal 
elevations and the one derived from the theoretical calculations is most satisfact- 
ory considering the crudeness of the model used. 


It is established that the motion at the mouth of the Sea of Labrador is purely 
of the Kelvin type. Over most of the sea, the motion is completely described by the 
superposition of two standing Kelvin waves. 
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NOTATION 


The quantities which have dimension are followed by their dimensions in 
brackets. 


_M:mass (grams) LL: length (centimetres) T: time ( seconds ) 


Half width of a rectangular basin (L) 
Vector component ( always Meret ’ 
Arbitrary constant ( L, Pa) 

Column vector of arbitrary constants ( itt 


Arbitrary constant pertaining to a Kelvin wave ( ut’) 


Width of a channel (L, ur?) 


Basic vector 


Arbitrary constant ( L, Onn 


_ Arbitrary constant pertaining to a Kelvin wave ( L tT) 


Vector component 


_Aybitrary constant ( ur) 


Arbitrary constant ( ut) 


' Base of the natural logarithms 


Function 


Function denoted es 2 -zctor 
Gravitational force (5.1 ur 4 | 
Acceleration due to eravity ( LT) 
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denotes an arbitrary constant affected by an even index belonging to a set k. 
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Physical and Tidal Characteristics of the Area Under Study 
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The Labrador Sea, Davis Strait end Baffin Bay are pert of a single sea 
depicted in Fig. 1. The dovble lines indicate the boundaries chosen for this sea. 
The openings of Hudson Strait, Lancaster Sound, Jones Sound and Smith Sound 
denoted by the letters A B C D are narrow and shallow compared to the rnain body 
of the sea so that we may consider this one as approximetely closed in its sides 
and northern boundary, — : | 3 


The Labrador Sea, Davis Strait and Baffin Bay form the three natural 
divisions of the domain under study; the first being broad end deep, the second 
narrow and shallow and the third being a bay insofar as it is connected to the 
outside ocean by a gully represented by Davis Strait. : 


The distance between the two boundaries shown in Fig, 1 is approximately 
2350 km. . The width varies between 970 lin at the mouth to 300 km at the narrowest 
point in Davis Strait. If we transform the actuel cross sections of the sea into 
rectangular sections of constant depth (the mean depth of the section), the depth 
of such sections varies from 2600 m at the mouth to 310 m at the shellowest point 
in Davis Strait located at 1140 km from the mouth. The greatest mean depth in 
Baffin Bay is 1100 m to be found at about 1800 km from the mouth, Fig. 4 shows 
the variation of width and mean depth along the sea alone with an attempt of 
schematization will be discussed leter. Fig. 4 is to be found on p. 25, 


In spite of adverse climatic and geographic conditions, tidal information 
on this area has been slowly accumulating over the years and it is now possible 
to have a fair idea of the tidal regime prevailing there. Most of the observations 
however cover only short periods; the slow constituents therefore are not well 
known and our attention will be concentrated on the diurnal and semi diurnel tides. 
Tables 1 and 2 that follow give the data available: Table 1 gives the name and 
location of the station indicated by a number in Fig, 2 and 3 while Table 2 gives 
the pertaining tidal data in Atlantic Standard Time, Fig. 2 and 3 show cotidal 
charts for M, and K, based on such observations. 
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Davis Strait 


Kingua_ Fjord 


Cumberland Sound 
Davis Strait 


Cape Dyer_ 
Baffin Island 
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Danish Met. Office 
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The remarkable features of the M‘» tide are:: 
The large amplitudes on the west coast’ iix the vicinity of Hudsom Strait, 


The presence of a point of amphidromy im the vicinity of latitude 72° 45N1. 


Those of the K, tide are: 
The presence of a maximum in ampTitude near the: head: of: the sets 
A Re onctts point of amphidromy in: the vicinity’ of 66" NL 
t: the same character 


istics; the position of their points of amphidromy varies slightly from that: of — 
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Review of the Literature 

Harris (7) and Sterneck (14) gave some cursory comments about the 
tides prevailing in the area under study. ‘The observational material was then very 
scanty and they had to limit themselves to generalities. Harris states that the tidal 
wave is of a standing character; the contraction of Davis Strait suggests to him that 
the cotidal lines there are crowded, which is not the case. Sterneck as well draws 
a set of cotidal lines across the sea. , 


Defant (2), in need of a value for the transport at the mouth of the sea of 
Labrador in his study of the tides of the Atlantic, applied his canal theory to this 
area which was eminently suitable for'such an approach, and he obtained remark- 
ably good results for M2 . He located the node at the very location where sub- 
sequent observations would place it and he indicated that the maximum amplitude of 
Mowas to be found ahead of the contraction of Davis Strait which again conforms 
strictly to reality. 


Recently, the two Russian workers Al'tschuler and Vladimirov (1) applied. 
Hansen's (6) (so called Polukarov's) method for the calculation of the Mz _ tide 
from the boundary values to the same area. This method represents one of the 
most significant advances in this field of knowledge; on the other hand its success 
depends on the quality of the boundary values. In this instance the Russian workers 
seem to have interpolated values for their stations 723°(70° 22'N, 67° 52'W) and 
#24 (71° 33'N, 71° 30'W) which lic on Beffinland from stations lying on Greenland. 
This had disastrous consequences since the two land masses lie across a point of 
amphidromy and there is a very marked change of phase from one side to the other. 
The results of their calculations reflect exactly the features they had introduced 
into their data, this is to say, a set of cotidal lines lying across the sea. 
~----——qn-ory work we shall study the tidal motion in channels and rotating seas. 
The equations of tidal motion in channels without friction are simple and such a 
type of motion is adequately surveyed in Lamb (9) who describes in particular the 
work of McCowen (10) and Green (4). The form of the solution varies with the 
law assumed for the variation in width and depth. 


Motion in rotating seas is analytically much more difficult and we restrict 
ourselves to rectangular seas of constant depth. Jn this case the equations can be 
solved with the help of eigenfunctions. Using the standard apparatus of vector 
spaces it is possible to investigate the motion in such a sea. 


The study of tidal motion in rotating rectangular seas of constant depth was 
initiated by Thomson (16) and Poincaré (11). In 1921 Taylor (15) solved the pro- 
blem of the reflection of a Kelvin wave in a semi infinite rectangular sea of constant 
depth; he showed that both the Kelvin and the Poincaré waves are necessary to give 
a complete solution and that only by assuming their simultaneous presence is it 
possible to satisfy any bomdary condition. In 1931 Grace (3) introduced some 


c en 


a : | 3 ee ays 
1/5 ; ; a nor ae ST it ; rr) ts r is 
an vent trode cdomenoa Cots: enrol vay (86) 6 neal 1 bn 

ror tol auve ta fase faeottavready’ ott outa. tah ais wee 

Git art pedh soteta aberk tt B91 iaoney ot ‘ie ~ pape 
— nid ot alaogyue Matt2 sived Te ia beyson od} 494 1a 
1 avert Lowe we waa" coe 98, orld Jor at dotdw ag aie oa 


ah 


- ea sy 
j} 


stl 
a> than 


oo tor 


< 


i a 
To: #02 ox) To toad sil ts Maquda‘tt art it bub tev 4 car rt ‘ey. my 
Bid? ot yroor? Inneo ait hatlqge sD A Sdt'to oobi i att lo phe alet at LS. ; 
-Hiamray hoeaktatdo ait t D8 pretest me Howe ror efclietive (Hnentare aw dotity AM Nh 
‘tw oolisool ytoy srt iea ahosw dl baaeaat 4 é my . > ¢Mrot ad Pehes ee hoay fila 7" 
te a citar OSt bndd hate si fed od baa H somhy Muovr arnolisyne gado } nOnpaa, si 


‘roidoo stage dotiiw Here elvad{o moieariadis ofl Yo ba 


sy eae beaut od at RkclL ae , Bi ; 

‘ ~ ae 
“eifaes r of eBotita 

DSsticned 4 ) veriterihetl j Pot } wehito: HEA a’f mMLOW ile tH awl] 9 ig erin OH . Mi f 

+s oi ‘5 Le NKO4 van nif > oul) + : fy itt sire (ay realty lot bali: 10 -¢ if ) ?) ass dane w 

; ve iter atts ay >" Paiy of a LOTS Steire 17 oT & misy ocean 44 arty ff om, 


a ath} 0 ‘spbolwotrt to blot aid at esarayia tamotMagte eon | 
astegint of aoanient ek al vasetev yrebaiod add to villas ip ot mn 4 “aban cl ae 
: ( 8s * tt Roh TO) } SSM et tort ior Aouiay h she Toepe, att t ey —_ al niosa Bi 
biatnos7 Dime gity! lala mow! brsinting® ao ob dotdw (VOOR “Ey [eee Ey) Ase | 
in Notes | mt brat owt ot sonta asonempannes anoptiacall bud pare Ht 
. HOF ohte ono rot deady lo syneds batten Yrov & Bbened Bits spats “ae 
Aton i ynt aoruinot aft yHoaxs Joaftet amotielooles ried? to ethveet oft” sie 
: J i agatt J ‘oo bo fee a VRE Ot 5 i? fttah vied? olat eh 
loans Faotonse Libis odd youle Liga ew sow aio at” 
fonraf hegeri oe od Ay 4 rie? don motto fe 3 te toch hs sii i> olf. a 
i telicsthieg at asdtiosab deatwit@) deed nf Ba cove lotaupsha et mothe’ Yo ‘one 


WLW @92TOY Neila on? to ntroTt an) Ch} “orD bre rot } owns Mf to Ate: 
) yo Sure Mihtwint motiariny ott rot bomuees wi 


i) (ow Dee Muetlib ston fount yilaativiens af seen Reilatot at aottoM 
\9¢ aa9 enollayps oft saan atdt nl ioqoh terteans W ensa ta liegna dons or aovl: 
iOiZev lo auletagge Grebaaiz ott edie! VJenobisatine gto gle only itu tovlogie 
| Ave x fovea oi coitom ed} sientieovet go) alitie: UY al if ih: 
: in a ; 
eh Neb deasanoy ty eeca telvengise gAhiatos si eration lebit to youtea off — 


ij ans Nevios (cl) thlvaT Set Be Att) Sreodtoy har (or } fHoamoedt «ba 
hye iatiod 16 sae ey Me 3 Hf tiiat inise & al ovew atv {el es je nottesNor oft tx 
n ol viaaasoon hie eave Sha: diol od} hoe aivieet act Mod Sasth hevecata: 

| “Ota sonseonq.enoonattventa thidt patent ean ud yap meyers: Sa Regt 
 -eetee' boopborhai (8 Oe) LEGL | “ft “Aoi tt hnoo? bas pita oh haha 
ate oi At gitioneda yd baci “a ele = 


14. 


nd he showed that the effect of the boundary value at the mouth alk then be seen 
cplicitly in the solution, 


Beffin Bay, Davis Strait and the Labrador Sea, when schematized as 
ectangular seas of Constant depth, happen to satisfy very well Grace's agswnption 
f the smallness of oe and this will lead to great eimpliticardone: 
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Gen eral Summ ary 


The diurnal tides and semidiurnal tides in the Labrador Sea, Davis Strait 
and Baffin Bay have been investigated with the help of the following assumptions: 


Aut cn The sea under study is closed in its sides and northern boundaries. 
2. - The wave motion is of a purely standing character with perfect reflection 


taking place at the head. 


3. — "The tide is induced exclusively by that in the Atlantic Ocean. 
4, - The friction is negligible throughout the sea. 


Initially we assume further fhat the motion is purely unidirectional. The 
equations are then very simple to solve end the form of the solution depends on the 


~ Jaw of variation chosen for the width and depth. We chose an exponential law of 


width and depth when a schematization of constant depth end width was not obvious. 
By dividing the sea into an increasing number of channels it was possible to re- 


produce more and more closely the physical features of the sea, Fig. 4 illustrates 


fhe various steps in our schematization, Jt was then pos sible to obtain solutions 


for the elevation Z and the current v and the curves for Z are compared with the 


observed valves. This is shown in Fig. 5 and ip. 7. Even the more refined 6 
channel model fails to locate the nodes accurately. ; 


The assumption of perfect reflection at the northern boundary was then 
dropped and transports were assumed at this point while perfect reflection was 
assumed to take place at some undetermined point further beyond our chosen 


boundary for the sea. Jn this way it was possible to bring the node to its observed 
“Jocation. Fig. 6 and 8 illustrate the transports corresponding to the various Z 


curves; such transports imply estimates of the currents about which no information 
is available. ; 

~~ Once the position of the nodes and the transports at the head were 
established with the help of the one dimensional calculations, the problem of two 
Cimensional motion was approached by schematizing the sea into three rectangular 
basins of constant depth. This took roughly into account the variation in width 


and depth while it was possible to obtain a solution of the equations of hydrodynamic 


which was not too difficult to handle. It was noticed that each basin satisfied 
very well the condition of narrowness and depth already noticed by Grace (3). 
"The conseguences of this were systematically investigated using as a powertul 
auxiliary fhe concept of linear vector space. In the body of the fhesis we state 
and prove the following theorems: 


In a narrow deep and elongated sea, 


ny The Poincaré waves are significant only in the vicinity of the boundaries 
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and are rapidly damped away from them.” 


A corollary is: 
The motion tends to become unidirectional away- from the boundaries. 


 - If motion is induced at one section, only the contribution to the Kelvin 
! waves will propagate far into the sea, the contribution to the Poincaré 
waves will rapidly be damped. 


We pao two corollaries: 


a. Only the part of the energy fiatat is arerote. to the Kelvin wave 
a will propagate into the sea. 


b. Only the part of the current which is constant across a svete will 
- propagate into the sea. 


3. -_ A Kelvin wave can always be reflected in a rotating sea of any length. 


| Once these theorems are established it is a simple matter to state and 
satisfy the boundary conditions. The calculations are lengthy and tedious but 
straightforward. We obtain a solution for M, which converges everywhere 
except at the inner corners while the solution for K, diverges at the inner 
boundaries. The results of such calculations are shown in Fig. 9 to. 12. 
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where y is the distance measured from the head and f has for value 1. 49x10 


a(S 


Basic Approximations 


We wish to assume first that the sea under study is approximately closed 
in its sides and in its northern boundary. 7 : Y 


The main opening on the sides is Hudson Strait. The cross section at the 
mouth of Hudson Strait is 20 km? while the section across the sea just north of - 
the opening of the strait (around 62° 30'N ) is 630 km? . The ratio of the two 
cross sections is of 1 to 31. 


Baffin Bay ends into the three sounds of Lancaster, Jones and Smith. We 
assume that the bay is closed at the section marked by the double lines shown in 
Fig. 1 around latitude 75° N. The largest section of Baffin Bay ( around 72° 30'N) 
is 430 km? while those of Lancaster and Smith Sounds are 73 km? aud 71 kin? 


respectively. The section of Jones Sound is negligible. The assumption of 


complete closure at the northern end is therefore not too strong and will have to be 


relaxed eventually. 


Friction is not taken into consideration. The maximum tidal streams 


‘over the body of the sea ( except in the immediate vicinity of the head) are comp- 


uted to be of the order of 15 ems/sec and the minimum mean depth is 300 m, In 


such a situation the effect of friction is of secondary importance. 


The tides are considered as being exclusively induced by those in the 
Atlantic; the tides caused in situ by the tidal potential are neglected. The follow- 
ing calculations will-give and idea of the magnitudes involved. 


The force due toM2 and kK, is given by 
F=g(.7607x107 cos? L, .4442x107 sin 21) 


' where L is the latitude and where the time varying part has been removed ( see 
Schureman (13) ). | 


‘The sea under consideration can be roughly considered as a rectangular 
basin of constant depth 1120m and of length 2350 km lying between latitude 55° and 
fa. (96 10 1, 31 radians ) at an angle to the meridians; we wont specify this 
angle but it will be such that L is approximately given by 

= Ze 

t= 1 3le=1y y 
km? go that L’= .96 radians when y = 2350 kms. 

Deriving an equation for Z from equations (1-1) and (1-2) in Appendix 
1 with the added force terms we obtain 


ZK’ Z= ‘f 7607x10" fsin 2L, 8884x107 cos 21.) for 
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Ne and K 
| This is a non homogeneous linear differential equation with constant 
soefficients which has for solution : 


7,=A cos Ky + B sin Ky + (. 7607x100" fsin 2L, -.8884x10" fcos 2L) 
| ve et el k= Af? k? - 4f? 
or explicitely tas Mi een as Oa Cube eas So Prepptec ey 
| att Pe 
Z =A cos Ky + B sin Ky + (.66 sin 2L, -3.4 cos 2L) met 

where A and B are arbitrary constants of integration. If we impose as boundary 


conditions Z = 0, v= 0 at y = 0, the solution becomes 


Ui =. 32 cos Ky ~ 713 sin Ky tk .66 sin 2L, -2.97 cos Ky -.37 sin Ky- 
ar ; ; 3.4 cos 2L) 
‘The largest values of Z, which obtain at the mouth, are .93 cms and .79 cm for 
M, and XK, respectively. This type of motion can then be safely neglected. 
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‘The e Equation of Moti otion. in One® Dimension 


for a Fluid and the Boundary Conditions: 
eee ee I) Ue DOUnGaTy Ong _ 


The » Solutions 


The equations of motion for a fluid of density 1 in one dimension are: 


‘ Zz 

Gee SO 
Lie 52 5 
b dy nv) = (2) 


‘These hold for a channel of rectangular section, width , depth h. (1) 
Sinites Newton's second law while (2) states the law of conservation of mass. The 


ccanditions of validity of these equations are well known and will not be reproduced 
ee, 


% and v are periodic functions of time in the phenomena under study and 


i 


-Ly,t) = Z(y) cosact 


v(y,t) = AGE sino t 


wwhare © represents the rate of change of the phase of vals given cones and t is 
ey ne, 


his notation leads to no ambiguity since from now on we shall be concerned 
cosy Ww ‘ith fhe space part of Z and v. The equations satisfied by each of these func- 
iors gre now 


ae | (3) 
id A , 
7 ase one (4) 


‘@ur models will consist of one or more channels open at one or both ends or 
<tased at one end, We therefore wish to solve (3) and (4) for the following boundary 
ecnuitions, | 


Z =1cm at the mouth 
6 cm/sec at the head. 


We impose the boundary value unity on Z because (3) and (4) are linear 
“sJations and one needs simply to multiply the solutions obtained with such a 


Moundary value by Zo if this happens to be the value observed at the mouth. 
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Since our models may consist of more than one channel we can determine 
the arbitrary constants cornpletely only if we impose further conditions relating 
the elevations and the transports at the junctions of every two channels, The 
standard connecting conditions holding at the junction of two channels, say 1 and 


\2are 

Zprizonen t (5) 

b.hiv, =b,hov, | 

| poyetg hepa) 

(5) excludes any discontinuity in amplitude while (6) even if it implies a 
possible jump in v conserves the mass of liquid flowing per unit time from one 
channel to another. | : 

The solution of (3) and (4) depends on the functional dependence of bh and h 
ony. the 
The solution comes out in terms of 

= Trigonometric functions, if b and h are constant, 

2. - Bessel functions, if b and h vary exponentially, 

| 3. - Confluent hypergeometric functions, if b varies exponentially while h varies 
| me uinearly, - . : 

/ = Hypergeometric functions, if b is constant while the depth is described by a 
parabola, | 

| 5. - Infinite series not related to any standard functions, when b and h vary 


linearly (These series represent Bessel functions of order 0, 1 and 2 
when the width is constant or when the depth and width vary at the same 


rate). 


Pretiminary calculations have been done using these various laws when they 
were approximately equivalent to describe parts of the bh curve given in Fig. 4; 
the results have been found to be almost identical. In the final calculations pre- 
| sented here an exponential law of width.and depth has been used throughout except 
when a schematization of constant width and depth was obvious. The general 
solution of (3) and (4) for an exponential law of width and depth comes out in terms . 
of Bessel functions of the first kind and usually of a non integral order; it is derived 


_in Appendix 1. 
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Although these functions are not tabulated and have to be evaluated from 
their series expansions, the convergence is raoid, which is not the case for the 
functions corresponding to the other laws of width and depth. More, extent tables 
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of Bessel functions of an integral order helped to check the calculations done using 

the Bessel functions of non integral order while it was more difficult to check the 
other calculations using the solutions involving the more esoteric functions which 
are only covered by rudimentary tables. 


To set up the coastal observations on amplitude on a linear scale we drew 
a line in the middle of the sea following the trend of the coast. Distance was 
‘measured along this line and divisions approximately perpendicular to it were 
drawn to reach the coasts. In this way the amplitudes were plotted as in Fig. 5 


or 7, the full points denoting the observations on the East Coast while the open 


circles give those on the West Coast. Points considered to lie beyond the node 
were plotted on the negative axis. 


The non schematized plot of the width and depth variation along the sea 
shown for instance in Fig. 4 gives a three dimensional picture of the basin. One 


“ imagines the b plot to be reflected across the y axis (and reduced by one half) and 


this gives a top view of the basin, while the h plot indicates the variation of depth 
along it. . 3 , 


- --~~---Table 3 that follows give the data on the schematization of this basin into 
1, 2, 3 and 6 channels while Fig. 4 illustrates this schematization except in the 
-one channel case.. . 


~~ The schematization into two channels represents roughly the Labrador Sea 
connecting into Baffin Bay, Davis Strait being done away with altogether; the mini- 
mum of depth and width are put together which is not the case in the actual sea. 
The three channel model includes Davis Strait while the six channel model molds 
itself reasonably well to all parts of the basin. 


Figs. 5 to 8 show the results of the calculations carried through for M. and 
K_. Appendix 2 gives the corresponding analytic solutions. These solutions 
hla for the boundary value Z,=1 at the mouth. To obtain the curves shown in Figs. 
5 and 7 the Z solution has been multiplied by 70 and 14 respectively for M, and K 
since these seer reasonable boundary values; the transports however correspond 
to the normalized solutions. The latter part of Appendix 2 gives the currents cor- 
responding to the six channel model since in that instance they are continuous. 
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DATA ON THE SCHEMATIZATION INTO CHANNELS 
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Discussion of the Results 

In Fig. 5 the 1 channel approximation for M 9 although very rough indicates 
the presence of a node half way up the channel; it fails however to show any ampli- 
fication of the amplitude end the node is too close to the mouth. The 2 and3channel 
models show some amplification but still fail to bring the node forward enough. 

The 6 channel model, assuming perfect reflection gives quite similar results. 
Assuming a transport of 1.75 x 10? m3/sec (for Le = 70 cm) at the head brings the 
node close to where it most likely lies. Some increase in amplification and a for- 
ward shift in the maximum is noted but such an amplification is far short of that 
which actually occurs on the west side of the sea, The amplification on the Green- 
land side is fully accounted for since the calculated amplification is of the order of 
150% which is that observed on the Greenlend coast, ‘At the head of the sea the 
curve shows some steepening which indicates that there is little change in amplitude 
in the northern part of Baffin Bay till one reaches Lancaster Sound and Smith 
Sound. There is no data to support or contradict this deduction. The currents at 
the head are computed to be of the order of 24 cm/sec for a Zo value of 70 cm. 

In Fig. 7 the one channel approximation for K, is not shown. In this 
approximation, the node lies just inside the sea; this would indicate resonance, 
which is not the case. The 2 and 3 channel models give quite a reasonable fit to 
the amplitude assuming perfect reflection. The 6 channel model using the same 
assumption apparently leads to worse results. Assuming a slight outflow at the 
head of 1.7 x 108 m/sec, being equivalent to a stream of 2 em/seec across the 
section, brings the curve closer to the cbserved values. This outflow corresponds 
to a boundary value Zo of 14 cm. 


If one inspects Table 1, one notes that in Lancaster Sound the amplitude of 
Mg and Ky at Dundas Harbour (Station 5) is larger than that at Radstock Bay 
(Station 6). There must be a maximum in the amplitude either between stations 5 
and 6 or ahead of Dundas Harbour. Assuming this last instauce to be the case and 
the wave in this area to be of a perfect standing character, there should be weak 
streams in the vicinity of Dundas Harbour and the assumption of the closure of the 
sea in this area should hold well. ; ; 


When we come to Smith Sound the situation is quite different. Thule (Station 
28) shows the largest amplitude in Kj and the diurnal streams should be weak in 
this area thus allowing us to assume perfect reflection of K, at this boundary. But 
the maximum in the amplitude of My is to be found in the neighbourhood of Port 
Foulke (Station 27) and Rensselaer (Station 26) further up in Smith Sound. There 
are large gradients in the amplitude, from 66 cm at Thule to 111 é¢m at Port Foulk 
and therefore appreciable semidiurnal currents should be expected to prevail at the 
chosen northern boundary of the sea. 

One notices the large increase in transport at the mouth for Mo for a slight 
Increase in outflow at the head. Mathematically this can be explained by the 
Steepening of the gradient.at the mouth for increasing outflows. The currents 
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at the mouth ere larger end these flowing across a very large section will cause 
much increased transports. On the other hand such large transports are physically 
possible at the mouth of the sea since there exist very large gradients in the 
amplitude of My along the Labrador Coast and even through these gradients do 

not extend all the way across the sea to Greenland, they must extend up to a certain 
distance from the west coast and cause very marked transports. | 
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Comparison with Defant!s Calculations 


| Defant (2) investigated the My tide in the area covered by this thesis. 


His data on width and depth are almost identical to those presented in Fig, 
4 for the Labrador Sea and Davis Strait. However the depths shown for Baffin Bay 
are consistently lower than those that can be abstracted from contemporary bathy- 
metric charts. i 


| Using a numerical scheme for the integration of equations (3) and (4), Mg 
was calculated for a 10 channel model assuming complete reflection at the head, 
The results indicate a node at y = 1550 kin from the mouth (our calculations with 


the same assumption would locate it at 1350 km and a maximum in amplitude at 


| 
i 


about y = 830 km); this corresponds very closely to reality. | 


; The success of these rather crude calculations using a defective model is 
surprising at first. However it raust be realized that shallower depths in Baffin 
Bay automatically bring the node forward towards the head. 


| It was decided to repeat Defant's calculations using his data on width and. 
depth; first for a 20 channel model of the sea using his numerical scheme, then 
for a 3 channel model consistent with our approach and defined by the following 


quantities 


| 1 = 950km ~»b, = 969 365km hy = 2610 350 m . 
| 1, = 240 km by = 365 km h, = | 350 m 

| . 

= = : = 

| 1, 1190 km by 471 km he ; 610 m 


The results are given in Table 4. Displacements rather than currents are 


shown. The amplitudes are normalized io 100 at the mouth and such data on ampli-~ 


“tude that were derived from the numerical schemes were interpolated to yicid 


| values at the mouth and head of the channels; the 's for the 3 channel model are ~ 


omitted since they are discontinuous. 


| It can be noticed that the finer 20 channel scheme which should give a 
solution closer to the exact solution of (3) and (4) for the sea described by Defant 


modifies his solutions in two ways: 


1) The maximum is reduced from 151 to 138, 

2). The node is pushed away from the head and lies at about 
1450 (the maximum as well being brought to lie at 700 km). 

| The 3 channel model although itself quite coarse tends to agree with the 20 
_ channel model. ‘ 
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Table LV 


Defent' pnt 8 Calcul lations Repested. 


f 


AMPLITUDE. DISPLACEMENT 


nr wee me 


10 CHANNEL 20 CHANNEL 3 CHANNEL 10 CHANNEL 20 CHANNEL, 


CHANNEL Z Z Viae f a: 
JUNCTION CM cM cM M M 
0 100 100 100 387 371 
0.5 109 371 
if 119 Li 115 374 362 
1.5 124 285 
2 136 130 125 298 238 
2.5 134 215 
3 151 138 17 257 159 
3.5 136 024 
4 151 124 120 —» 260 21 471 
4.5 97 ~ 1067 
5 95 60 56 ~ 1910 Oreg11 
5.5 26 ~ 1364 
6 20 0 15 - 1043 ~ 1038 
6.5 -23 0 ~ 963 
1 ~30 ~43 -28 - 878 aS 5835 
7.5 -59 - 694 
8 ~66 =72 -63 -~ 558 - 5383 
a -81 ~ ‘$76 
9 OG = 87 -88 = 284 — 216 
9, ( -92) ~90 ~ 156 
10 -96 0 0 
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Conclusions 
The one dimensional theory confirms the presence of nedes in the ampli- 
tudes of Mg and Kj in the area under study.: It fails however to locate these 
nodes accurately unless some outflow is assumed at the head of the sea; these 
outflows correspond to currents of 24 em/see and 2 em/sec for ie and Ky. 
respectively. 


It supports rather well the variation in the amplitude of My and Ky along 
the sea; large amplitudes of the diurnal wave are calculated in Baffin Bay in spite 
of its smallness at the junction with the Atlantic and some amplification of M2 
ahead of Davis Strait is caiculated. 


The eae also has the advantage of supplying estimates of the currents 
prevailing in the sea and about which no information is available. It gives a mean 
current of 10 cm/sec for Mg at the mouth of the basin and it suggests that the 
diurnal currents are small over most of the sea except in Davis Strait where they 
reach a magnitude of 13 cm/sec. 


The one dimensional theory obviously cannot explain why the point of 
amphidromy for Kj is degenerate, it cannot take account of the large gradients in 
the amplitude of both constituents across the mouth of the sea nor of the large > 
difference in gradient along the east and west coast. It does not give either any 
ides of the variation in width of the currents across the channels and of the trans- 
verse currents. , 


All this is the task of the two dimensional theory. 
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Summary _ 

We will study the two dimensional motion in a sea made up of three rec- 
‘tangular basins of constant depth, one basin corresponding to the Labrador Sea, 
Davis Strait and Baffin Bay respectively. Such a drastic simplification of the 
features of the domain under study is necessary in order to avoid excessive 
enalytic complication and even in this very simple model one is faced with elaborate 
calculations. | 


We shall first derive the solution of the set of three partial differential 
equations which describe u, v, and Z ina rotating rectangular sea. ‘Then we shall 
simplify this solution with the help of Some approximations which hold well in the 
three seas under study; a sea satisfying these simplifying assumptions will be 
called narrow, deep and elongated (from now on denoted as a nde sea). 


“Before attempting to state and satisfy the boundary conditions that the 
solution has to satisfy in the model, we will introduce the concept of linear space. 
“With the help of this concept we shall express the solution in terms of basic vectors 
which describe it fully in various spaces. 


Once the solution is expressed in terms of the basic vectors it will be 


~ possible to understand more clearly its behaviour over the body of the sea and in r 


the immediate vicinity of the boundaries. 


We shall elucidate some statements by Taylor about the reflection of Kelvin 
waves in a rotating rectangular sea and we shall show that in a sea of finite dimen- 
Sions and which is not too shallow, perfect reflection is always possible. 

‘We-will sce as well that in a nde sea, only the part of the current which is 
constant across the mouth will be transmitted to the next boundary; the part of the 
current which is a function of x will only affect the first sea and will not reach the 
next one. 


Once this is established we shall be in a position to state and satisfy the 
boundary conditions that the solution has to satisfy over our three basin model, 
In vector language this corresponds to equating two vectors which in turn implies 
that each of their components should be equal. This leads to a set of linear equa- 


tions relating the undetermined constants contained in the solution thus allowing in 


principle a complete resolution of the problem. 


‘With the help of the approximation of narrowness, depth and elongation we 
shall succeed in separating these linear equations into quasi independent subsets 
and eliminate most unknowns. Eventually we shall be faced with the task of in- 
vyerting two 20 x 20 matrices. ; 


Charts showing the elevation and currents will be drawn from the result of 
such calculations. 
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The Model 


We use two different mcdels for M, and K., ; the reasons for such a 
procedure are given below. The models are represented by the following 
quantities: i . 


Mo 
as 
Meeeoo ker bee Km 2 870M 
s stg - a 7 Eee. 
1,= 200Km es hy= 370M 
1, = 1450 Km cine ae b, = 439 Km h,= 800M 
Ky 
1, = 1000 Km by = 762 Km hls h, = 1570 M 
1,= 200Km by = 177 Km i ero 
1, = 1150 Km | b. = 439 Km ho = 800M 


3 evs ies 3 a8 


All the b and’h quoted are averages of the observed b and h with the 
exception of by for K, : 

In order to test the quality of the model we have subjected it to One dimen- 
sional computations for three channels. of constant depth and width. Since it was 
important to preserve the position of the nodes where observation puts them, we 
had to make sea 3 (Baffin Bay) longer by 300 Km for Mo in order to bring the node 
to 1660 Km. Within this model a transport of' 2.6 x 109 m3/see is computed to 
take place at 2350 Km which compares favourably with the value of 2.5.x 10° m3/ - 
Sec assumed in the one dimensional theory (For Z, = 1 Cm). 


For Ky the position of the node depends very sensitively: on the variation of 
Width in Davis Strait and the only way to bring the node to 1040 km with the above 
model is to cut bo by one half. 
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In both models perfect reflection is assumed to take place at the head. 


‘An illustration of the model is given on the next page. 
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‘The Solution of the Equations of Hydrodynamics 


for a Rotating Rectangular Sea of Constant Depth 


The equations of hydrodynamics in two dimensions in a Cartesian frame 
of reference rotating at an angular speed w are (Lamb (7) ). 


aoe gar @ 
Z 
a t ZwmuU = g Se (8) 


, @¢hu) Bie) 0Z 
er i, as 


(7) and (8) express Newton's second law in the x and y direction and (9) states the 

- eonservation of mass. No external forces are acting on the fluid and the density 
-js taken to be equal to 1. 

_. “The time variation of the variables u, v and Z is written as anes where 

iis the imaginary unit. The real part of the variable is its value at time 0; its 

imaginary part, its value 1/4 period after. All the numbers we wil] handle from 

now on will be complex. | cae | 


-Jf in the basin under study, the eeu is constant, (7), (8) and (9) take the 
form 
igu oy sae (10) 
: ; i Be ey te 
La : ag £0 Veto ct B by (11) 


fax oY 
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This is a set of simultaneous partial differential equations for the unknowns 
u, vand Z, and the basin over which they prevail is described by the equations 
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_ The basin-is therefore rectangular). of width 2a.and length 2L with the 
ign being taken at its center. The basin is always closed on its sides i.e. at 
x= +a, but it. may be open or. closed at its extr emitiesi. | 

We'need' out of the’ general’ solution of! (10); to (12), the: special solutiom 
satisfying: the boundary conditiom 


u(t a) = 0 (14)) 
The set: (10) to (12): admits of a. solution satisfying 


w= Oo (15) 


everywhere, therefore satisfying (14) a fortiori. (15) leads to three relations 
joining v and 7;:these relations are consistent end’ therefore yield the solutiom 


wi =O apie ea (16) 
vi =A, sinlf "x -iK"y] +B cosh (rr x-ikcyyl Bete (17) 
Siok be 3 a 
i \iah PT ee ee Se nae ea ea Ts. 
2 Z =@) { A, cosh [A'x:-iKy] + Bosinh [A'x-ik Gy). (18 ) 
es ‘ieee 
here A! a NG Sea 
where Gent a = Gaye : 


Ao, Bo aré arbitrary constants. 


This is the Kelvin solution and it would have been Iost had we tried to 
obtain independent par tial differential equations for each variable. Such a solution 
is not the only one satisfy ing: equations (10) to (12) and the boundary condition (14); 
there exist a full infinity of extra solutions. But we shall soon see that the Kelvin 
Solution describes the preponderant part of the motion in a sea of the dimensions 
described in the previous paragraphs. : 


To obtain the remaining solutions we eliminate v and Z; the equation 
Satisfied by ti is ; 


(v? sé) u 20 (19) 
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(23) and (24) have golutions of the form 
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Ville +X; (s) 
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‘The notation is somewhat simplified if we redefine the y variable as 
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The interval over which it is defined is. — a <y< al. | 
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a dimensionless number. 
Then the y solution takes the form 
ear +Kyy 


It is not convenient to renormalize the x coordinate in the same way; this 
will eventually become obvious. 


The solution for u has the form | as 
vemoakstoealiize | 


By suitable linear combinations of such solutions we get expressions of the form 
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u will satisfy (14) if 


j = an even integer for the sine solution 


j = an odd integer for the cosine solution 
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The general solution of (19) is then 


cosm'x (25) 


~ +. > ( eS ie +Bie ie) sinn'x 


The primed arbitrary constants are releted to the unprimed constants by 
the relations 


4? + ghm'"” Jape Se . 
Go ed sac SSees b 
Ch oe ry pe e Cy etc. 


From now on m will always denote an odd integer, n an even integer and 
j any integer. 


~- An, By, Cy, Dm, form a two fold infinity of arbitrary constants and can 
be written out as , 
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We have introduced the exponent in Kjl in order to eliminate any exponential 
factors from the linear relations linking the arbitrary constants that will arise 
---when further boundary conditions will be imposed. The solutions corresponding to 
an odd integer are of an even character and those corresponding to an even integer 
are of an odd character. In future we will often refer to a solution affected by an 
arbitrary constant as the wave pertaining to that constant, thus: 


"The Aj Kelvin wave, the C,, wave etc." 


Out of (25) we can derive the corresponding solutions for v. and Z, using 
relations (10) to (12). These are, including the Kelvin solution: 
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v= A, sinh{ A" x ~iK ((y-l)] + By cosh[A'x -iK (y-1)] 


i 5 Kn), Ky) ene | hae) -K, (yal) sinn'x ) er 
+104 E Ce +D ,e mK nn a (Ave , + Bue ste (26) 
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(25) to (27) represent a rigorous and complete golution of the sect t of partial 
differential equations (16) to (12) satisfying the boundary condition (14). The two- 
fold infinity of arbitvary constants they contain will be determined } by applying 
extra boundary conditions at y = +1. 


The solution of Helmholtz equation Satisfying ae ary condition (14) exists 
only if the arbitrary constant j we introduced is en intege cr values of j are 
eigenvalues and the solutions for U corresponding to j= 1, “2, Bah eare eigen- 
functions. The solutions for u, vand % corres ponding to these inte gral values 
are usually called the Poinca: care waves, 


The Kelvin solution can be considered es the u eigenfunction corresponding 
toj=0. Itis the equivalent of the solution wé obtained in “Appendix 1 for a channel 
of constant width and depth; this can be geen by letting \'40.. The :e! cs factor _ 
brings in the two dimen sional features which ave the sloping of the surface across 
the direction of moticn and the variation in v necessary to balence this elevation. 
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The Poincare waves cxist only in two dimensions and would vanish 
-Ompletely in one dimensional motion, 
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Two Dimensional Motion in a Narrow Deep 
a Ca ha ad Ge spec a eee 


Elongated Sea of Constant Depth 


Although (25) to (27) represent the motion in an ex 
they are nevertheless quite complicated and not ea 
use the features of the three basins under study, 
length to simplify the y and 4 solutions, 
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The domain under study extends from latitude 55°N to TS°N, 
for Mo o ~ 2 while for Kj, a ae to + Gio 20. 


So that for all three basins 
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ki But we will still cine K, by its own aan in the work that will follow in 
order to hee track of this quantity. — - 


2). : Q << 1 


| Referring to the definition of Q the above statement is obvious since 
2e ~g¢ for both constituents. Explicit calculations give ; 


We shall as a consequence neglect 9 over the whole body of the sea. This 
means that we may drop the latter part of the solution for v; this is‘a very impor- 
tant simplification since it removes the coupling tha{ would appear between the 


| This erie will lead to distinct -sets of linear equations for the unknowns 
n> Cm> By: Din 


(Ay, By) and (C,,, Dy) constants when we try to satisfy the v boundary conditions. 
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_ Na such simplification is possible for Z;. all the Poincaré waves are of the 
same order of magnitude and the expression for Z has to be carried with all its 
complexity. 


It will be convenient in two dimensions to impose boundary conditions on — 
vw and avoid manipulating Z as much as it is possible. | 


Now we wish to use the elongation of the sea in order to simplify our work 
further. 


the Poincar€ waves are all affected by exponents: of the form 


ioe) 2iGt) 


so that at y = + 1] we will have terms of the form 
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"At both boundaries one of the arbitrary constants is affected by an exponent 
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If j) is large enough (the sea is elongated) the constant affected by this exponent 
may be neglected and in this fashion the Poincaré waves are separated into two 
distinct groups; (By, Dm) prevailing at the lower boundary and (Ap, Cy) at the 
upper boundary, The A, and Bo waves are not affected by this factor and will be 
present at both boundaries; they will transmit the motion from one set of Poincaré 
waves to the other, . 


_ Let us now verify that the three basins are clongated: 
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This assumption is not justified for Mo, j= 1 in 1 Sea 7d 
We will take care of this in our calculations. 


The above shows that a Poineard wave for which the exponential factor has 
value 1 at the boundary will be affected by a factor which will damp it rapidly away 


from the boundary. The Kelvin waves are unaffected by such an exponent and their 


amplitude is mcdulated trigonometrically throughout the length of the sea. There- 
fore irrespective of the relative magnitude of the Kelvin and Poincaré waves at 
the boundary, the Kelvin wave only will eventually survive as one moves up the 
sea. As a coisequence, beyond a certain point, the cross current u becomes 
negligible and v and % are determined almost exclusively by the amplitude of the 
Kelvin wave. In order to re-create more Poincaré waves one needs to introduce 
further boundaries into the path of the Kelvin wave: a wall, a constriction or a 
change in depth. At such a point the presence of Poincaré waves is essential to 
balance the Kelvin waves. ‘The effect of these Poincaré waves will be felt ahead 


of the boundary but again not very far away from it. 


In the case of co-oscillation, when the energy is introduced at the mouth 
of the sea, this energy will be distributed to the Kelvin end Poincaré waves; 
indeed it is necessary as a rule to have both kinds of waves in order to represent 
the motion at the mouth. However only the Kelvin wave will move unimpeded up 
the sea and therefore the portion of the energy which has been assigned to it will 
travel with it. : : | 


We summarize these remarks in two theorems: 


Theorem 1, Ina nde sea, the Poincaré waves are significant | only it in the 
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Corollary. ‘The current tends to become unidirectional away from the 
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Theorem J and its We eee may be restated in more poetic language as: In In a nde 


the Poincaré c waves tune themselves in n only ii in the Us AL of of the bor > boundaries s while 


a ee Le 


the Kelvin waves ; contr ol] the _motion over the ‘body of t of the sea. 


. Theorem 2. In ande sea, in the case of co- o-oscillation, _only the contribu- 
tion to the Kelvin wave will ] _propagate far into the sea. 


Corollary. Only the part of the energy which is +h is trans smitted to Me Kelvin 
wave will propagate into the sea. 


We shall restate Theorem 2 and its corollary in a much stronger form for 
v, once we have introduced the concept of vector space, 
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The Concept pt of Functions as as | Vectors 


Be fore we state the boundary conditions fo be sa tisfied by v and Z at 
yril it is useful to bring in the concept of a linear vector space (Halmos (5) y, 
Geometrically a linear vector space consists of all the vectors which can 
‘pe constructed from the basic vectors. The complete set of these basic vectors 
is called the base and any vector is made up of a sum of components directed along 
these basic vectors and of a length equal to a multiple of that of the basic vector. 


_ Algebraically a linear space consists of the totality of Linear combinations 
) that can be formed out of a set of linearly independent quantities. The complete 
set of these linearly independent quantities is the base and their number gives the 
‘dimension of the space. - : 


| [io hee Pra sy eee by) form the base of a vector space, any vector ‘Vin 
that space is a linear SO ron of these basic vectors: 


N 
V= 2 a; 


Vea 
where the @ j s are real numbers. 


The bj's satisfy the orthogonal property 


by» by =} je 


where 1. is the length of the jth basie vector and dix is the Kronecker delta ~ 
symbol. The dot product is’ as yet a purely symbolic operation. 


Orthogonality insures linear independence since 
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implies cj = 0 for all j's. 
We deduce 
Vids =a; 
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53... 
from the above relations without any need to go further into the si gnificance of the 
dot product. 


An example of a linear space is the three dimensional Euclideen space 
which is spanned by the three basic vectors > bos be) satisfying 


_ If we denote the bor by the triads . 
(1, 0, 0), (0, yi 0); (0, 0, ay ye 


then any vector V = (a,, ao, 2.) can be written as 


F 
V= 2 ab, 


~ ages 


This notation suggests the definition of the dot product by | 


3 
Vio tie = V,U, 


since this would insure 


b,.b 
b,.b, = 1x1+0x0 +0x0 = etc. 
and 
Ge vik jee 
Vib, sah eaty earn’ aie ier) 
Get j=3 


Geometrically the dot product represents the projection of one vector along 
the other; algebraically it can be considered as a summation over a variable. Thus 
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b; wb. = 2 byrby1 
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For N dimensions, 3 would be replaced by N but 1 could still be inter- 
preted as a direction in the geometric sense. 


A natural generalization of the dot product is 
b, » by = P00 by (x) dx : | - 


where x is no longer interpreted as a direction but simply as a continuous variable 
defined over the interval (2, B). Such a definition of the dot product satisfies all 
the formal properties that one needs of a dot product, two vectors being orthogonal 
when 


fb) by (x) dx =1, Sk 


With such a definition we conceive of a linear vector space as the totality 


of the functions that can exist over the interval (a, 8). Such aspacehasabase 


(81, So, 53, ....) where N canbe taken to be w if this is necessary, so that 
any function can be written as ‘ 


or, in vector notation 


Functions and vectors having been shown to be formally identical we shall 
conceive of a function as a vector each time this happens to be useful. We state 


1) Any vector (function) f in a given space can be expressed in terms of a 
set. of basic vectors Sj'S: . 


2) The component aj is given by 
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a; =f f(x) Sj@) dx 


if the space is defined over the interval 


2 


-agx€a 


3) Two vector f and g are equal only if each of their components are equal: 
We know we may write 


LOS aS) g=> cS; 


od hd 


this involves 


We now wish to apply the above notions to our problem. Solving for u we 
had obtained the solution in term of the functions (sin n'x, cos’ m'x). . 


This set of functions forms the base of a space consisting of all the func- 
tions, continuous of discontinuous, defined over -a<x<a and which vanish at 


= a. This space contains in particular the constant 0 but none other. 


The basic vectors 
(sin n'x, cos m'x) 


are orthogonal 


a : 

f sinn'x sinN'x dx =a 6, 
~a 

cos m!'x cos M'x d 

freeaite x cos M'x dx =ad,,,, 


a, 
f sinn'x'cos m'x dx =0 
-a 


and are therefore linearly independent. 


2 | 7 M 4 i . j 
sy Re Oy 
. Gan et, a 


> F j 


| J fay soa sista boat 


‘ee me eee De eee eae tht 
* pod ‘a | . 7 : 7 ye y* ( : i : wn 
be | ; pi Waee ih Pee Was . ! Juin Gt Ri ci 4 


¥ «Seer vr re eta iMmoD thor} ta‘ we H vine hg pe OTe a Tyree 2 THIOGV owt | : 
, i" ‘: ; 
ae KG < . * ‘ vi ; 
ilcw YR Ow vor OW eat oN ae 
aa?» a i 
BT i 1° 
' i “ 
; ’ ; 
vioval al@ 
> © ft we! “ 
Wi ‘ a * 5 * i i: ’ i 
Pi 
4 ow. Ww 7h MAIVIOR , LOOT WO OF ttt ihow syods adi CACHE O24 ladw wor ave 


, . ixtca e000 .x'n ote) actotions? all te minal at eifuloe act horcietcdos bal 


yt - “4 : 7 * «* ‘ a , ry 7 iP Ay 
Pe megs ) ite ‘to wiiteteadoy gosqu a to saad sc} anrro? auction to toe sift . at 

ar ] * a . e ae on A y ~~ " A ‘ yan ai Gale — . + . 
P i fay bituy Bene x»e- Yove bonnie... evorahtpoalh to asountimtog anolk * 


) Pe, aeon.Jud 0 Jiatanoo odd talpoltthg et ailelnoo Soaqe, al ves «(Pe ui 
i eats pees we oa ! ‘a 
i) ‘wen 7 |  eotoey -ulasd ofT ee 
(x"r aod xa mike) me 


f 


i he Tee lasiogoittro ona my Thi 
roe +) ay 

: , &, as. a, 

R ew vb a Vila eoala \ 


= @i- on : i ne ie 


ij ind i : Py se 

: a = ad iy 
Saw xb Meo e'm yop | 

a TJ ‘ i 

‘ se | 7 N 


e [ wee 


0 =a xtm9ba x! TORRY a4 er FN ge eek 
; ms : Lh i Aes a Cue 
ae ote 

_ atpgal a 


balay ihe 


at 


roy 
Wan) oe 


S200 


But this space istco gmall for ouv purposes; it contains u since u 
paticfies mee , : 


u(ta) = 0. ; 
but it cannot contain v and Z% which do not necessarily vanish at « a, 


We necd a space that contains all functions , continuous or discontinuous, 
defined over'-a<x<a. This space containing all functions defined over the same 
interval and which venish eat «+: a is a subspace of that space and is completely 
embcdied into it. fs 


The set (cos n'x, sin m'x) forms a base of this larger space. These 
vectors are orthogonal soa 


a 
[cos n'x cosN’x dx =a, 6.x a 
-a d , 


t=] 
Ul 
» ro}p 


fP sin am xsi’ x dx = a0. 4 
-a 


. 


a, 
f sinm'x cosn'x dx =0 


and every function can be expressed in terms of thege basic vectors. In particular 
this space contains all the constants, including 0. It contains as well the set 

(cos m'x, sinn'x) These are given in terms of the basic vectors of the larger 
space by . 


co 
cos m'x = &°P.. cos nx 
n=0 


co 
Sinvt <e= 5. (On sin mx 
m= 


1 
--1 — n=0 
4 2m 
Pan = ee ane (—) 2m 
—3—;- n#0 
; m*—n 
n+m--1 
2 n 
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‘The base we shall use is then 


(con Wx, sin nit x7) Nien Oe 2. A. 
Tee LAO 4 os. 
Finally we must remember that we have three intervals over which we 


wish to define a space, one for each basin. And when we come to satisfy the 
boundary conditions at y=+ ] ji, 1=1, 2, 3, all the functions will be at the 


_ boundary between these various intervals. . We must therefore be able to express 


any function in terms of the basic set that happens to be convenient; but we may 
only move from a larger space to its subspace. In our case space 1 is the largest, 
space 2 the smallest. The base of 2 is contained in space 1 or 3. 


This restricts the expansion of a function defined over interval 1 or 3 in 


. .ferms of base 2; we can do this only if we consider its part which is defined over 


2. This will be the case for Z% where we wish to insure that 


Ly (soba irane 23.0 ~ lia) are equal to Z,(- 1,) and Zo(+ 1,) respectively 


over ~a,<x<a,, the variation of Z, and Zg over the remaining part of the interval 
-being left undetermined. 


Discontinuous functions (having finite discontinuities) are contained in any 
of the three spaces; vj (+ 1 4): and V3 (- 13) are discontinuous but still they 
are fully contained in their respective spaces. ; 
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The > Solution tion for P Ver rins of the Basic 


_ Vectors: Some Important Remarks 
Alioth we yap derived the eon for v Aid 7, feat that of u, we 
will handle only v and Z from now on. 


It is Tener convenient nor necessary 4 eonenn V ona Z in terms of their 
basic vectors in 1, 2, or 3. But in order to gain further insight into our solution 
we shall write the Notion for v without reference to any sea in terms of the - 
basic vectors. This is 


V = [». cosK, Geen Agesin Kis o-) a om bee it x 


oS 
2g. Sint Tate 
m=1 aly 


oP. - B 4 K, (y-!1) + A, cos K, op] 


m=1 n=2 nk, 


(one eth Posera iat) sinm'x +i Q 5 sinm'xy ¥ Qam (Liab Ban cert aeen) 


m=1 mK 


i 


2 > pe! Dee Se) cos n'x +i oe cos n'x +e Pon (sdb, (29) 


2 


where (Py, dm) are the components of (cosh A'x, sinh A'x); these are given on 
page 68 ff. ‘ 


If we neglect the terrns affected by the factor i Q (nde sea) we note two 


things: 
1) The Poincaré waves are already in terms of the basic vectors, 
2) The eau waves only will contribute to the owen ferm., 


The a amplitude of the vector directed along the basic vector co rresponding 
to n= 0 gives the part of the current which is constant across -a< x<a fora 
given value of y. The higher modes corresponding to j>1 represent-the part of . 
the current which varies with x across the section; in the actual expansion it is 


- function of x. 


If we choose a section across which (2 9) holds, to be the mouth of a sea 
in which there is motion due to a neighbouring sea, the current duc to the external 
} body of water can always be expanded in terms of Ws basic vectors (cos n'x, 
sin m'x) and this allows the evaluation of one half of the double infinity of arbitrary 
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constants contained in (29) by equating the two vector expansions representing 
v at this section (i.e. we satisfy the boundary condition at the mouth). Theorem 
1 states that the only constants which wont be effected by a very small factor at 
the mouth will be (Ao, Bo, Ay, Cy). Identifying the components of the vectors 
and choosing for the moment the mouth to lie at y= +1 (in our actual model it 
will lie at y=- 1), we determine Bg explicitely in terms of the constant value of | 


the current while A, and Cy, Will be given in terms of the hig gener modes and Bo 
or Ao. 


When we come to the next boundary to satisfy the. extra boundary condition 
that will allow the evaluation of the latier half of the double infinity of arbitrary 
constants, A, and C,, will have been damped out and since they contain the higher 
harmonics of v this means that these higher harmonics do not affect at all the 
solution at the next boundary and that (Ag, B,, Dy) will be given exclusively in 
terms of the constant part of the current. Once this boundary condition is 
satisfied (asswming the current or the elevation to be given explicitely ther €);; 


. 29) is given explicitely in terms of the boundary values. 


At the mouth the motion will embody all the higher modes of v as well as 
the fundamental one but at the next boundary the v solution will depend exclusively 
on the constant value of the current across the mouth while the higher harmonics 


of this same current are not involved at all. So that at some distance beyond the 


~mouth the solution is completely indifferent to the part of the current which is 


function of x across the mouth and it depends mainly on the part which is 
across the initial section. 


onstant 


We may therefore restate Theorem 2 and its Corollary in a much stronger 
form for v 


Theorem: The part-of the current which is constant across the mouth will 
ropagate Up a inde se sea; what is function of ; Xx will | be damped. 


’ This theorem is intuitive when we realize that a nde sea in the intermediate 
between a channel of constant depth and a flat rectangular sea. We shall pursue 
further this analogy by proving later in the thesis that satisfying the boundary 
conditions for n = 0 for the Kelvin waves only and neglecting all the Poincare waves 
in a nde sea is equivalent to a zero order of approximation to satisfying the boun- 


- dary conditions in a channel of constant depth. 


One of our basic as sumption is that there is rene reflection of the head; 
we wish to see if this is always possible. 


“By perfect reflection we mean that at the mouth and beyond the mouth 


Yc Je (we return to our previous choice for the position of the mouth) the 


motion should be given by 
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V ©. sinh[A'x -ikK, (y-D] | | (30) 


_ (30) represents the superposition of two Kelvin waves of equal amplitude @ and~ 
travelling in opposite directions. We admit of a "zone of confusion" within the sea 
but not beyond y< -1. 


Using the solution for v in a nde sea and applying the boundary conditions 
v(+1) = 0 


— _v(-l) =, sinh[ "x 4K, 21) 


leads: to 
B. = 0 i n =0 
Bop, A, =0 n =2,4,6 
Regewt Cri O m =1,3,5 


at’ y= + 1 which implies 


Bae De A 


: de Oitiony in 2x mCakecnns 
_ anid iA, sin?K,] =i, sin2K 1 oF i n=0 
p, (iA, sin2K 1) +B, =p, (i@, sin 2K, 1) fee 274 0 aes 
A, cos2kol <q, -D,, =, cos2K,1 — m=.1,3; 5.105 
at y= 4 ae | | 
wAyte(L, \ | dgezg | palin’ 


We conclude that in a nde sea 
I) Perfect reflection always takes place, 
2) There is no "zone of confusion": the motion is given everywhere within the 


Sea and beyond by Q, sinh[A', -iK,(y —!)] except in the immediate vicinity of the 
Yeflecting wall. 
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This conclusion is again intuitive since a nde sea is very closcly related to 
~achannel of constant depth where perfect reflection is always possible. But this 
scems to clash with Taylor's (15) conclusion that in a semi infinite channel] Kelvin 
waves can be perfectly reflected only if the refl Beuits wall is located at some 
specific distance from a given origin. 


The sea studied by Taylor docs not satisfy the restrictive assumpti on of 
narrowness and depth; but by definition it is strictly elongated since the mouth is 


assumed fs lie at y=- = 


Let us for the tietslen take the mouth at y= 1', 1' being some large 
number, 


The condition v(+1) = 0, using the full v solution gives 


ie 


Bop, +i2 nk. C,, =0 n=0 
© Pmn 
Bop, -~A, ti Mei! OME 48 n = 2,4,6 
m= Yim 
a OF 
Agam +Cp +i 2 >, nie A, = 0 Mye)} 75, Dees ‘ . C31) 
‘Sa . é 


We are no longer allowed to set By = 0 nor Ag= MW, beforehand. These 
two unknowns should be evaluated by using the boundary condition at - 1' because 
then we would have 2x « equations in 2x « unknowns. 


-If we insist on setting By =0, A, = @,, the lower boundary condition 


will yield 


i.e. the motion is purely given by (@, inside and outside the sea. This is the 
situation wished and described by Taylor. At the same time it leaves the system 
of equations (31) overdeterminate since we have 1x « relations in 1x » -1 
‘unknowns. Unless the determinant of this system of equations vanishes there is no 
other solution but the identically zero solution: 
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There is no reagon at all for the determinant of (31) to vanish unless we 
introduce’ into it Some Parameter, The Obvious Choice is Ike 

We transform the Coordinates go that the origin lies at _ 1; the head lieg 
Bovie taal, : hay see 


The system (31), assuming BG 5 0, Ay PS becomes 
: es) Ras hal 
Bea sink,1.~Q y§ Fmo Creo 


m=] mK, 


p,, SinKI~ A, 0.5 een 


= (a), 
qn, cosK .] wees + ax aK ihe =0 


We redefined the arbitrary constant A, to be 1A, (n # oO). 


The determinant of the Coefficients is 


0 odd even 
j Privo 
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| GE On 
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Porn 
even pM, SinK,1 ~ 2 mK, ~ Onn 


Where Q denotes Column or row 0, Mm, odd Columns and rows and n 
Columns and rows, excluding 9, 


If we insert the explicit expression for nae One P, and ERs 
and if we berform the following Operations: a 


1) Remove the common factor a, rar Column Q 

oe . Take as Taylor, yy 2 

3) Multiply Tow 0 by the Constant 2, 

t) Remove the COMmmon factor 4 cds Kl from column 0, 


mists 
) Multiply all odd rows and columns by (9 2 call even rows and columns 
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by (-)?, 
6) Remove the common factor a 4 from all even and odd columns, 
4 : jz 7 fe is, 
7) Multiply all odd columns by sinh a, all even columns by cosh ou 
8) Divide all odd rows by cosh x , all even rows by sinh An | 
: 2 
We obtain te odd i even 
te Kol 1 : 
0 < se 0 
an 1 an An 1 
dd —— Shy pe ALU, peMins 
ae Mm? ee r Poon mens 
te K,1 
even bolas : 4 . cotgh Sy » Oan 


ae at n? n?— m? r/ a 


which is the determinant derived by Taylor but expressed in our own notation 
making due allowance to the fact that our @, corresponds to Qo; in Taylor's 
notation and that our frame of reference is lef{ handed while his is right handed. 
Such a determinant gives the values of 1 for which the system (31) will have a 
solution that can be expressed in terms of (9 only. 

As long as 1 ' is finite, I] is a paradoxical quantity since it is found in a 
way that makes it completely independent of 1' and it depends exclusively on 
our choice of an origin. — 


1 can be meaningful only if 1',..; then we wish to insure that Q, prevails 
over the whole of the semi infinite channel. 


If 1' is finite, 1 is meaningless and we need to solve the full 2x ~ linear 
equations to extract values for Ag and By. In this case Ao is different from Cog 
but the Poincare waves B, and D,, are such that they balance Ag and Bg to 
produce Qo at the mouth. 


ee 


Perfect reflection takes place as long as K; is real for all j's. But over 
the sea, between the mouth and the head, there is a "zone of confusion" where ioe 
exists along Ao. 


As the sea becomes more and more nde, 2-> 0 Bo 0 and Aga. 
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The above considerations allow us to state the general theorem: 


Theorem: If K, is real for all j's, a Kelvin wave can always be_ 
perfectly reflected in a rotating rectangular sea of constant depth 
of any length, 
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-~ The Boundary Conditions 


At y,=—-l, 


vi(-1,) = f(x) - 2 6,8,(x) -a,<x <a, (32) 
At y,=+1, v3 al, 
0 a,< |x| <a, 
h ; ae 
with). pas (- (33) 
2 =) A Te 
v,(—1,) —a,<x<a, 
Zl) SZC) tO ok cia, (34) 
At Y2 =+l,, y,;=-1, . 
0 a, < | x| <a; 
som ey ae (35) 
h, 
v,(+1,) 8, €xg a, 
(ol) 2H) ee oa ex <a, (36) 
vy(41,) = 0 ee ices Rg at (37) 


At Y3 =+ 1, 
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The boundary condition at the mouth haa already been discussed. 


The v boundary condition at the junctions of the basing indicates that 
vy (+11) and Vg (- 13) are equal to a vector with the properties described 
on the right hand side. This will involve evaluating such a vector in space 
land 3. The 7 boundary condition restricts the value of Z, and Z 3 only over 
the interval -a9 <x < &9; we then have to express Z1 (+1) and Z3 (6) ain, 
terms of the basic vectors in space 2 and equate them to Zo (#19). 


We therefore need 
1) Vy (+14) and Vg (+13) in their respective spaces, 


2) A vector which we shall denote by V (+15) with the properties __ 
described by (33) and (35) in space 1 and 3, i 


3) Ay (Fiz), 25 (- 1g) and Zo (+ 1.) in space 2, 


These quantities are, using solutions (26) and (27), fork = 1 or 3: 
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Equations (42) to (47) repr 


esent 6x « linear relations between 6x «. 
unknowns, all of these complex, ; 
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Equations (42) and (45) show that Ps ays Bis Dy are really not 
Involved in the system and may be evaluated once the Kelvin waves are known, A 
twofold infinity of unknowns is already eliminated, 
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k stands for lor 3. The index 2 has been dropped and the equation for n=0 js 
contained in the above set if we are ready to accept that Ag is equal to 0 in the 
Poincaré part of the expression. We have redefined 
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With this definition, if we break up system (48) into its real and imaginary 
parts we obtain two independent systems of equations in the unknowng 
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where R and I denote the real or imeginary part of the quantity. Were it not of 
the assumption of complete reflection at + I, all these quantities would have 
been interrelated, 


is es ames happens to vanish (i.e. if the time origin is suitably 
chosen) one set of unknowns will vanish as well. ; 


In either set of.equations there is 1x « relations between Ao, Bo and 
An, Cm end another infinity between Ag, Bo and Bn, Dm. The two systems 
of equations would be independent would it not be of the simultaneous presence of 
‘Ao and Bo in both sets. | aki 

We use this feature by moving Bo to the right and add it to the column 
vector involving 6, . In this way we have two systems of equations in the 
unknowns (Ao, Race, ) ond (Ag, Br: Din) which we write in matrix 
notation as F . . 
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The last relation gives an explicit value for Bo which is substituted into 
the column vectors 6,6, + Boe, 
Using Ty" we obtain values for A, in (50). 
. The two systems of equations are quasiindependent because we have 
assumed the sea to be elongated. We have noted previously that this assumption 


does not hold well for Mg and j= 1; there, rather than the unknowns Cy and Dj 
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from which the column vectors can be evaluated and A + ag well. 


Thus by finding the value of the tivo inverse matrices 


we may find four times as many unknowns as the rank of the matrix. I, for the 

real and complex parts happen to be identical, and so, if we choose to solve for 

40 complex constants in (59), these being determined by two independent sets, of 
40 linear equations, all we nced is to invert two 20 x 20 matrices. 


Once these are inverted it is an easy task to find Bo, then the remaining: 
unknowns in 2. From the extra v relations at -] jy» and +1 3, we get the 


Constants for basins 1 and 3. The number of unknown complex constant determined} 


in this way is 120 which is equivalent to 240 unknown real constants. 
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Before we proceed writing out the matrices and the column vectors arising 
from the previous equations, it is good to peuse a moment to verify that the 
boundary conditions (32) to (37) contain to a zevo order of approximation those 
connecting three channels of constant width and depth. 


---We have scen previously that the Kelvin waves are the two dimensional 
equivalent of the sinusoidal waves that appear in a channel of constant width and 
depth when the motion is purely linear; we now wish to show that boundary 
conditions (32) to (37) will coalesce into those relating 3 channels of constant 


‘width and depth when two dimensional motion is neglected. 


The solution is a system of three channels of constant depth h., length 1 j 
and width 2aj assuming perfect reflection at the head, is given by 
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The boundary conditions are 
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- i.e. balancing fhe Kelvin waves only is equivalent to a zero order of approximation - 
to balancing the sinusoidal waves in a system of channels of constant width and 
depth. . 
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The elements of the matri ices and of the coluimn vectors involve a set of infinite 
series which have first to be evaluated before we can pro 


the linear equations, 
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Tables 5 and 6 give the numerical value of the part of the infinite series which is 
contained within the summation sign. 


The first set of twelve summations resulting from the interaction of the 
Kelvin and Poincaré waves are labelled by circled munbers, the order of which 
will become obvious. ‘ 

The latter set of four summations resulting from the interaction of the 
Poincaré waves depends on the values of the integers n, N, mand M. In Table 
6 they are therefore to be recognized by the value of jo inserted after the value 
of a given summation. 


SE IR Bee Se tee BS TR RN te LN NE gen ah RE eT, Zag nei hy ie Sa inn ina ies Sain As ln 7 Jl teal ee: <P aa: NBR OX EEBEA SO 1G eM MG IAT rT NAR EC A RES IRA S AERA MP ML ER ABE FATED Rll TA CREAT eh eh Nel PO AIL AS lib td yn 2p lat hy a OP sae ct ea acy PO A Pa lt Oe 


FP aeled a” age 


a a 
Z irs — 
pee Ra RE EE, OL li ms ee Ae ael wee 


ot aattin raped ‘ya bi 
aX in ya oD) ey ingen’ 


4 i) 

iy eras ae wis 
aor eto a ot 
atdat ok Mt aa ot) Mt aragadl edt Yo nauley edt no abtroyo sarah | 
eitey ort nadia bajstent a to ry haben me ad ob ! 


4 ‘7 ry 
Gye Y 
Geta a vd 


oa 
Ua 


r y 
7 
é 1 ed 
fy a) ton "ih mY, 
nye / ; eh Ye Se ; ay 43 ie ti see ; 
Sys ot ie ee SMR RN CRON aa : 
, PA Nae. Re ie 
byte 4 ‘ _ ph ‘ ; J we4 en ’ od \ a 
} 7 ie 1 
“&. 
- 
i 
/ 


—- <>) Ses 


a 


ie 


a =. 
 - 
—— 
-* 
_o 
a! 


— 


_ between ‘the Kelvin and the Poincaré waves, 


89 


Table Vv 


7 . Serre once sce 


. Table V gives the values of the summations arising from the interaction 


' These summations are evaluated sequentially for’ j= 0,1, ... 19 in an 
order which is convenient for automatic computation. 


The even lines give summations @ to © while the odd Ines give © to 


There are four sets of such quantities; two for M 9, two for Ky. The 
first of the pair gives the summations for k = 1, while the other gives the 
summations for k = 8, 
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Table V1 


Table VI gives the numerical value of the summation arising from the 
interaction of the Poincaré waves. There are 207 such summations if we 
choose to terminate for j= 19. lie 


They are conveniently labelled in terms of j and J which follow these 
“quantities and.on which they depend. They are given in the same order as the 
previous summations. It should be noted that such a type of interaction is 
almost nepligible. a 
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The Boundary Condition on v at the Mouth. 
We have not yet specified the type of motion we wish to assume at the 
mouth. There is no observational material from which we can draw and we will 
therefore use the simplest boundary condition we can think of: 


Gene A » | 
ce 7 cuney o9) 

| © ( 

premier ro 30 item | 


i.e. we assume the velocity at the mouth to be of a purely Kelvin type with the 
maximum inward current running approximately 1 period before high water, 


Once the calculations will be concluded we will find out that this boundary 


condition leads to a Gotidal chart for M, which is in complete qualitative agree- 
ment with the chart shown in Fig, 2 based exclusively on coastal observations. 


Our assumption therefore must have some physical justification. 
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Numerical Values of the M atrices and of the Column Vectors, 


All the matrices and column vectors have been multiplied by the factor 
10°; the exceptions are the inverse matrices which have their natural values. 


~The values for Mz at the lower and upper boundaries are given firs 


then those for K). ° 


All the matrices and the column vectors have been renormalized so that 


‘the diagonal elements of the Gamma eee have absolute value 1. 
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ihe Solution ion for Ma. 
Following the procedure outlined on p. 76 ff. , we obtain the values 
the arbitrary constants (A; > Cy), (ry, D,,,) in 2 for M2; their variation ne j 
is illustrated in Fig.10. It can be noticed that these quantities decrease at least 
as (-) J/j if not more rapidly. (The constant chosen for the envelope is arbitrary). 


No such convergence is to be found for Ki. If we inspect pond 12: ton Ky 
on p. 115 and 116 we note that the second element of each row increases with j 
(alternate rows). Since this element is multiplied by the second element of the 
column vectore on p. 117 (this element t being by far the most important element 
of the column vector on the right) in order to obtain the further constants, once 
Bo is evaluated, it will have as a consequence that the Poincaré waves become 
larger end larger as j increases so that v will oscillate violently at the inner 
boundaries. This means that a convergent solution for Ky does r not exist. The 
reasons for this disappointing conclusion will be. investigated once we have carried 
through our solution for Me. 


Going back to Mz, we notice that if the Poincaré waves vary as (-) J/j in 
2, this will cause v to diverge logar ithmically at ¢: ag, £19). In fact, using 
the 20 known constants, the plot of v at + 19 (not illustrated) shows that it has 
large oscillations in the vicinity of +: a9 and we may surmise that these 
oscillations are the indication of such a type of divergence. Z% on the other hand 
is finite and smooth everywhere. 


This situation was to be expected considering the sharply discontinuous 


character of the inner corners. This however violates the condition we had set 


on p.57 for the representation of discontinuous functions. V (+1, ) can only 
represent a function which has a finite discontinuity at +a . It makes it then 
impossible, strictly speaking, to find solutions in 1 and 3 from those in 2: unless 
we find a way of removing this infinite discontinuity. 


If we go back to equations (48) and (44) which describe the boundary 


condition on v at + 1, , we notice that the Kelvin waves in 1 and 3 are determined 


independently of the thine é waves in 2; they depend exclusively on A and 
Bov. This provides a clue to the oer 


We are given the following facts: 


1) The Poincaré waves only are responsible for the divergence at the 
corners, . 
2) - The Kelvin waves are determined everywhere once they are known in 2, 


divergence or not. 
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We know as well that the singularity is to be found at + 12 and not within 


_ 2 due to presence of the exponential damping factors. 


We use this damping feature in the following way: we equate hv at 1, 
and -13 toa hv in 2 made up of the superposition of the Kelvin waves at the 
inner boundaries +1, and the contribution of the Poincaré waves at some point 
within 2, | i 


ee ere ~ 


| In this way we moderate the effect of the corners in 1 and 3 and we may 
obtain solutions for the two seas. This makes physical sense since infinite 
velocities do not exist and equating infinite transports only leads to indeterminate 
solutions. 


The only element of arbitrariness is the distance we choose within 2 to 
pick the Poincaré waves; this will have as a consequence that the solution for v 
and Z ‘in the immediate vicinity of + 1, and -I1., will vary slightly with our 
choice. But this indeterminacy does not travel very far in 1 and 3 where the 
solution rapidly becomes unique. 


The point we choose where to evaluate the contribution of-the Poincare 
waves to hv is yg = 0; this is an obvious choice since it lies halfway between 
+ 12 and sea 2 is very short compared to 1 and 3. : 

-~--Jn this way we obtain a complete set of values for (Ans c& ® 
which are tabulated in Table 8 along with the other constants. 


® 


m) > n°? Dip ) 


The transports per wiit width and the clevations at the inner boundaries are 
shown in Fig. 11 and 12. Some discontinuity will be noticed in the elevations since 
we have contradicted the solution obtained in 2 where we had assumed the Poincaré 
waves in 2 to be balanced at #: 1, . These discrepancies are slight and could be 
removed completely if the computations were repeated taking into account the 
modifications introduced into the boundary condition on v. _There are no 


uae By eee : 1), 3 
discrepancies in the transports since (A,“ Cy) and (By’, D}y) have been 


chosen to satisfy the modified boundary condition exactly. 


Charts showing Z, hv and the elements of the current ellipses for M 
‘are given in Fig. 13 and 14. 


Appendix 2 Part 3 gives a comparison between the transport bhv (Z)= 70cm) 
for the 6 channel model and that for the 3 basin model. 


The solution given in Table 8 has been multiplied by the factor 7.5 in order 
. that the value of Z, be approximately 70 cm across the mouth. 
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Discussion of the Results for Mg 


SON EA EEE ROS DAES ER EN A Re tee 


Once again theory supplies us with more information than that given by 
observations. Not only do we obtain a cotidal chart for the elevation but as wel] 
a cotidal chart for hv (the most important part of the transpowit) and a complete 
_ map of the tidal ellipses. Sate 


If we compare the cotidal chart for Z with the one based on observations 
(Fig. 2) we notice a remarkable qualitative agreement betweem the two charts, _ 
This agreement is most remarkable when we consider the crucleness of the mode] 
used to represent the sea. As a matter of fact the points of disagreement 
between the two charts indicate the effects of the features not taken into account 
in the model and to be found in the actual gea. Lote a 


The 160° line in the model curving on the Greenland coast has its counter- 
part in the empirical chart. The 180° line is seen in the model to go straight up 
to the node while another 180° line goes across the Sea of Labrador just ahead 
of Davis Strait. Coastal observations allow the two same 180° lines to be drawn 
in the empirical chart. The 200° line in the theoretical chart has its counterpart ‘ 
_in the empirical chart but there we see that nearer the coast #% is followed by a 
220° and a 240° line. These indicate the effect of the important shelf lying off 
the Labrador coast which had been neglected in the mcedel. 


In Baffin Bay, the theoretical chart puts the 90° and 270° lines straight 
across while in the empirical chart they are in the shape of am inverted V. More, 
.in the empirical chart the cotidal lines are more crowded in the lower part of the 
Bay. These two féatures reflect the fact that in the model the depth in the Bay 
decreases discontinuously at its junction with Davis Strait while in actuality the 
change is gradual and causes some slowing down in the progress round the node 
In this area. The position of the 000° line underlines the asynumetry in the basin 
which has not been taken into account in the model. 7 ene 


When it comes to the amplitudes it can be noticed that the two 120 cm lines 
in the. calculated chart have their counterpart in the observed chart, However 
there is in reality a considerable amplification of the tide on the Canadian side of 
the sea which the model cannot reproduce. The overall agreement in the 
amplitudes is quite good. 


We cannot compliment curselves on the position of the mode since the 
length of sea 3 has been chosen in such a way that it would fall where expected. 
The last 300 km of sea 3 in the model are fictitious and aim at representing the 
effect of Smith Sound. It should be noted that in the actual-sea the node is closer 
to Baffinland; the bathymetric chart shows that it lies approximately where the 
greatest depth across the section is to be found. 
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The Divergence at the Inner Boundaries for iy 


It does not seem easy at first Sight to unravel from the complicated 
expressions we have been handling the reason why the solution for Ky diverges. 
However a bit of analysis will reveal] that it is essentially related to the fact that 


O< 2a. — 


4 


for kK, due to the high latitude of the sea under study, 


If we go back to equations (48) and look at the order of magnitude of the 
terms as j_.. we notice first that the interaction terms already tabulated in 
Tables 5 and 6 decrease at least as 1/j3 and cen therefore be neglected in 


comparison with terms decreasing as 1/} or 1/j? 


If we choose to look at the equation corresponding to k = 3 (ihe simplest to 
handle: the reasoning would have been ideutical hed we chosen k = 1) we obtain 
expressions of the form : 


1 


. rd 1 i . 
2 7 
| h 
& o © -2o ¥ Pose c® ie @ (2) ac cos 2KOF, -() © @ 


2 g 
F o © Waits Ours © coal o®) (i) i () Vo sin 2K}, 
~~ e Th n ; m £, £ ' 


if we care to remember the definitions of AO) and OF 


- These equations simply state that the difference between the Kelvin waves 
in 2 and 3 should be balanced by the Poincare waves in 2 when j >> 1. This makes 
3) physical sense since the Kelvin waves are the main mode of motion and that the 
presence of a boundary will create Poincare waves whose only purpose is to 
: balance the Kelvin waves and thus satisfy the boundary condition. Also we have 
already noticed in the solution of M2 that the Poincaré waves in 1 and 3 diminish 
much more rapidly than the Poincare waves in 2. . 
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and [Pian | /m, Quam (DOS ren te hon an i edo aie ed 


i> 1 
(59) is then equivalent to the relations 
+ . atlas 
r Al es + ee a const/m 
e. ee + A + oe sa. = const/n ' (60) 


The further terms on the left and the right indicated by dots are affected 
by the factors 1/3, 1/5, 1/7 etc. | 


If we inspect the 3 main elements of each row of the matrices Tr, for K, 
on p. 115, 116 we note that the factor affecting the constant in j ~ 1 is consistently 
larger than the one affecting the constant in j +1 but that as j- ~ both tend to 
become equal and in constant ratio to the diagonal element. This ratio gives the 
value of (2/7) / (o/2). The column vector (renormalized) on p. 119 
decreases as 1/j. | ts : 


Now suppose we solve a set of 6 equations of the form (60) by successive 
elimination from below, assuming j to be so large that the right hand side is 
approximately zero, so that all the unknowns are expressed in terms of the one 
of smallest order. We obtain two distinct sets of values for the unknowns 
depending on whether the ratio r=(o¢/20) / (2/7) is smaller or larger 


than 1. : 


Taking A, as the unknown of lowest order and truukating C; ,7 away 
m just to the right of the last diagonal element is 


(fhis is always so: the ter 
e give finite dimensions to the matrices), we obtain: 


always removed whien w 


Ae meant SG oN Sats emcee apts i whiny oe 5s Bh eet Syd pa on 


ON ee gt rt i tg erat, in Sats te ok oop ad aie 4 Sam, 


Wah eee 
bot, ee i 


y y | > Ant aa f rr 4s 4 i ; wy - Mi 34 + ‘ / ; : \ A : ‘ 
AA Be ae 1 LE ae er), a he staat Panes’ nity 
co | eas a heh 9 Ge ne Oh) ee ani eee 
Peat o\ Gr a mi EOE ae ak a 
a iM ELS Se a ath) hy 
. i Atal i Tei id's J PP ; i t 7 : 1) i 

Ci ee } jah Clic A baa Oa } 
L TRF ye i a , : 
oe Fane TA ik f I+ y tt 


Py . , f , a 7 \ - 4 ; la i : | i 
ae ‘CG a\inciog * ow) ‘tee . ae in Uh 
botoolta ova eob vd batestbitt | seligict ult hig Nol | oth a noticed Pepe: ontT rT 
. ae 
ote WI BNE e\t s 
H ve | ch inate 
fiat “Le : * ear ond to wort ilo 6 %o elie £6 ifs nipiet € off roogeat ow i 
. Hored al aite 5 al f=} at Instaroo ed) galls mi Toto? off Jodt Gion sw Ort | 
| of B 5? (ficut @ «~) ee Jed? jod £4 t me int noo of y! bint SHO eri | ff 
‘ 7 jaa ir ea oa 
' «yi Ty te 1) i ait : Law ‘ ree Th 10) fer ery 4 Sis i Sry Oj Ole Jie Ik sa) if it hos i ah 
4 - Ory vq to (hoallionrronot) tolosy amivigg ont uN \s¢ o\t 
. rae AME ne a 
; a * 
svteaoooen vil CO) nook act to enoltayps 6 To 13a cv iba Oo) ORS 
 obia hoped debs ont Jot opal oe Scot: t satmueda ,woled mort to 


vite ff) lo eid af DOARGIANS OTE wworing odd [fy Jad) oe ,o {O98 leap da 
erwin att cot aouiay Yo eies Jontisi—b ow sido sw sotto $e 
a  * toute! co xolioave et ( « \S) \ { oS\e ) = 2. Rar om? tone av 00 9 


i 
i 


| : vi i: - HE fave ‘5 [ & AOirtO je wor 1) mwvosuliy ay 'y 28 i wi 
pesy' ; y Lert " % fant, eB to Hight HO) of te Hi moi ‘putt 108 aye ; 
iy ow nest ba 


‘ : ‘ , a ie z ch. odd ed 
. dj a isto od? of ‘nerobandenth oltall ovin 


' a i a 


re 


uae 

A Vile 
i : uw , cay 
ey aa a ey 


Hi 


FON NOS FR ae EAE RP NY EN oR SINAN TS, Won py tal bey vine by A A ao Sete neem sedi fee ry tg ite ar ede DN See AAI Malet COM etm enent ean 


RRA Sh SO am, Nee ie i 


nS ee rine etsy Tyger 


131 


j j 
Yr A, Aj The 
Aj A)r? 
0 be Air 
-A A;/v4 
- rA, ~A,/x5 
~A; -Ay /y% 


It can be seen that for r << 1 the unknowns just oscillate around A: 
while for r>>1 the convergence gets stronger and stronger as we move into the 
higher orders, ae 


The above calculations are very rough but indicate the crucial role played 
by r. The criterion for convergence seems to be 


0 /20>2/1 =64 


and a more stringent form would be 


o/2m>1 


There is no way of checking this analytically due to the great algebraic 
complication. But even if we take the criterion for convergence in its weakest 
form there is little chance of getting a convergent solution for any diurnal con- 
stituent. For OO), the fastest diurnal constituents (o = 16.1°/hour), 
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Unless we choose to bring the sea to a more southern latitude no convergent 


solution exists for the diurnal tides. 


The above considerations give the mathematical reason for the divergence. 
There is no obvious deg interpretation for such a state of things. 


The source of the difficulty can be traced to (27) expressing Zina 


form which is such that u (sa) =Q is satisfied. 


Had we written Z directly in terms of the basic vectors introducing a new 
set of arbitrary constants affecting these vectors we could have evaluated these 
constants easily from the boundary condition on the elevations. 


On the other hand writing the-solution for Z in et a form would result 


in an expression for u which would violate the above mentioned boundary condition. 


Since the whole formulation of our problem rests on the logical consequences 
deriving from the satisfaction of this boundary condition (eigenvalues, eigen- 
functions, basic sets), we cannot throw all this away just for the sake of getting 
an answer. 


This leaves us without any solution for K, but from the results obtained 
for M2 , we may make some conjectures about it. 


First the one dimens sional calcul ations give a very good clue about the two 
dimensional solution once we have translated the trigonometric waves into Kelvin 
waves. For instance, for M2 , the position of the node found in one dimension is 
the same as the one found in two dimensions and the profile of elevation along the 
central line of the sea is given closely by the one dimensional profile except in 


and around Davis Strait. 


For-K, we may assume that we would have obtained a node in the Strait, 
relatively small elevations in 1 and larger elevations in 3. 


This however would not compare well with Fig. 3 where the node les on 


Cumberland Peninsula. This brings to our attention the fact that the model we 


chose is completely symmetrical in x while it is obvious that the actual sea does 
not exhibit such complete symmetry; sea 1 and 3 would have been more represen- 
tative if we had brought them more e to the left of the central line of symmetry in 2. 
This asymmetry does not seem to affect M2 appr eciably since nothing 
crucial happéns to this constituent in 2. However for K, such an asymmetry 
should have a marked eee on the position 2 the node and the projection of 
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GENERAL CONCLUSIONS 


We have investigated with the help of theory the tidal regime in the sea 


made up of Baffin Bay, Davis Strait and the Labrador Sea, 


Atlantic;. also the motion seems 
interpreted as the perfect ref 


predominate. Accordingly one dimens 
supported well the gener 


Our study has shown that the tides are induced mainly by those in the 
to be of a standing wave character which is 
lection of a travelling wave at the head of the sea, 
The shape of the basin Suggested immediately that linear motion should 
jonal calculations were carried out which 
al variation in amplitude along the sea, once proper 


account was teken of the diffuse reflection which occurs at the head. 


A by-product of this investigation was values for the mean currents across 


the.sea. Such values have been confirmed by two dimensional calculations for 


Me and therefor 


a sea. 


e give some indication on the horizontal motion prevailing in such 


Two dimensional ‘calculations over the same basin proved to be exceedingly 


difficult in spite of the drastic schematization of the width and depth and lead to 
Satisfactory results only when o <2 w, otherwise divergence occurs at the inner 
boundaries which makes absurd any attempt at satisfying inner boundary 
conditions. When convergence occured however the results were most rewarding 
and redeemed the effort spent. ? | 


1) 


4) 


5) 


6) 


For the semidiurnal tide Me , we conclude that: 
There is a maximum amplitude in elevation just ahead of Davis Strait, 
A node is found at latitude 70°N nearer to Baffinland than to Greenland, 


High water is simultaneous along the center of the sea till one reaches 
the node where there is a change of phase of 20s 
The tide progresses very slowly round the node in the southern section of 
Baffin Bay, 


The very large tides experienced in the vicinity of Hudson Strait are most | 
likely prevalent only in the immediate vicinity of the coast, 


The currents are alternating over most of the sea; marked elliptic currents 
are to be found on the Labrador Shelf, in the vicinity of Davis Strait and at 
the head of Baffin Bay, 
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7) The maximum currents over the aay of the sea are found in Davis Strait 
and are of the order of 15 cm/se 


8) | The weakest currents are to be found at the southern opening of Davis 
Strait, ee 
9) The current at the mouth of the Sea of ERIE is of se order of 


10 cm/sec, 


10) The gradients in the elevation and the currents across a section are due 
mainly to the gradients inherent to the superposition of two standing Kelvin 
waves of an cdd and even character since the motion over the body of the 
sea is pr edominantly Kelvin, 


The areas where this does not hold are 


a) The Labr ador Snelf where large cur rents and elevations are induced 
by the topography, 
y p phy 


b) The entrance (64°N) and exit (67°N) of Davis Strait. 


The conclusions for the diurnal tide K, are not 30 categorical due to the 
difficulties encountered during the calculations. We state 


1) The diurnal elevations are small over Davis Strait and the Labrador Sea; 
they become important in the northern sections of Baffin: — 


2) Diurnal streams are important in Davis Strait and in the northern section 
of the Labrador Sea; they most likely predominate over the semidiurnal 
streams in the latter area while they are of the same order of magnitude 
as the semiurnal streams in the Strait itself. 


The same conclusions hold for the other diurnal and semi diurnal tides; 
the numerical values mentioned above should be reduced by factors representing 
the ratio of the arnplitude of these tides to that of K, or Mg. 
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\Fig..1. ane Labrador Sea, Davia Strait and Baffin Bay. esoeranhigal coordinates 
and Fe pth contours in fathoms. 


‘Fig. id The Sree lines and the amplitude distribution of the M fides The dots 
indicate the location of the observing stations which are labelled by numbers. Table 
I gives the key to the numbers and lists the exact geographical location of the sta- 


tion, the duration of the interval of observation, and the name of the authority which 
has performed the analysis. The analyzed constants for are found in Table It 


Bue: 3. The cotidal lines and the Saree ae distribution of the a tide, 


Fig. 4. ‘The esti ation of the sea into cha anels of sotto or constant 
width and depth. The solid line gives the actual distribution in width and mean 
depth along the sea while the dotted lines sa! the variation in width and depth of 
the mathematical channels. 


F Fig. 5. The solution for the amplitude Z of Mo for the 1, 2, 3 and 6 channel 


models, assuming a value of Zo = 70cm at the mouth. The full dots refer to the 
Pe rvations on the East coast nyhile the cpen ones refer to the values on the West 
coast. The observed amplitudes are considered as positive or negative depending 
on whether they lie ahead or beyond the observed node. / 


| Fig. 6. The variation in the transport bhv for Mg along the sea for various models; 
the result for the 1 channel model is omitted. Cne has to assume some trans port 

at the head to obtain agreement between the calculated amplitude Z% and the observed 
Pu The size of the assumed transport at the head is indicated by the double arrow. 


Fi ig. 7. The solution for the araplitude %, for the 2, 3 and 6 channel models. The 
solution for the 1 channel model is omitted since it would indicate that the sea is 
nearly resonant to the Kj tide which is not the case, 


. 
\ 


Fig. 8. The variation in the transport bhv of K, along the sea. Some outflow is 
cequired at the head to obtain agreement with the observed amplitude. 

| . * x) 

Pig, 9. The schematization of the sea into three ectangular seas of con stant 
epth. The dotted lines indicate some artificial contraction or extension of the 
nodel necessary to preserve the location of the nodes as calculated in the one 
limensional model. The dimensions of the rectangular seas are given on p, 38, 


Fig. 10. A plot of the amplitude of the Poincaré waves at the upper and lower 
oundaries y = lo. In order that v, the velocity component along y, be finite 
*verywhere, except perhaps at the inner corners, these amplitudes must diminish 
ut least as (-) j/jas j—». . An envelope of ar bitrary dimension is drawn to 
show that the amplitude does vary within these confines. 


if : i pi me 
1 his 
- , 


t 
‘ n 1 
‘1 


hs a 
ri as ay. ea UaOr 4 @ e 


BN en | ie ener Tit op pete, aa 
eh ernibtoeo Inaldgerny rts] ney init ta Js ety 


s > lee : mah yy } i 
; : ; i at , p y eA Borat 


| . ‘ ie hk Pa 
r atoh odT. .oblt «Mott Lo nolsudidalt, obit tloger eult brn senil tabtt - tT 
t. ; pene | erode ve yt bollodal ong dotdw anole yelvies de oilt to ndtinoal orl} 


; Je od? to sotissol [spidqaaques:inaxe oni alall baw ai: adnan od of Xs ot of i 
wv X Jen 1 Jo. ania ext) Bitu , 140 itavuoedo to lave titi acd id notte ont 
U aldet at bagot.d+s vol edastenun bosylans (yt vale elaine cnr 


ae 


TR p 7k Cit a potrieti gout looms fd, BiG ott fahijios att zt 


- 
—T 
pee 
~~ 
4 
oo 
~ 
- 
~ 
~~ 
. 
— 
— 


: > : y 7 
| antenod, 70 Infiaonogra  efonaela tul.gaa ot to noltexideruedon Oke ame 
i ; of ! malate is IO OF MOV LD snil bites AT Aiqsh bin 
| pseaetyran pet se a ea Gell Gok et ae 

; 7 > oe 
J nfangeds loolliameadas 
i. : a) 
j | < ' 3 , : Pd oa 
a it oft te mo OY < .S lo,oulav & gilaneen pee 
' : he , om” 


r ; fe il ; 7 } a } 
= ’ = | ’ l ! b lo 
i ‘ i (J \ ds (of 
Hed , > oll tol vid Preneire Tt ti Ta 
eed | )  bedtinw af teho loacedo I ad} sob! 
in ade’ j irs } oy jAo¥ | MOMAS TA mside oF ‘bai 
a t af fot ard dn deocrene) bamiaes’ off lo oie 
| . . tuts Te ioe ) es 2 
; 5 
. af 3 i Hort taho nis hotline al lobomt foanaya I oft 7 


eno of? Jou al doliiw hid) as [} ot rine 


} jrisanns iyenadiout sovrd? otnt 2 oft to gollasttamealbs: pove = 
eli pl } >> Lala rtiis Ocnod &F HoOrWAlL : / nit beitob a 

2 dre 
80 bay Daal ty. : Oi} | . lo ollsool of) avise * of ons j 


j , j \ 4 . 4 Fi 4 
i ‘ an 1 (1 sary! ; ay rnlmiaiesy off Jo agolenomib sd; 
‘ 4 


Pesiet 


vee : 
; ' » — , ‘ . 
A Tow ji. y' Ay dy raw oywnornyS sf? Jo ofustile of nin ont rm 
| red .v siwn Inacoamos sheath viet WAG a “A Ito yh “eg 


Klasicit 


car 


me 
— 
7 
aa 


139 


Fig. 11. A plot of hv, the transport per unit width along y, at the upper and lower 
boundaries of seas 1 and 3. These transports are exactly equal to the transport hv 
for sea 2 at their common Junction, while they ave zero outside that interval. 


Fig. 12. A plot of the elevations Z% at their common boundaries, These clevations 
are not exactly equal because the boundary conditions have been slightly violated by 
removing the infinite velocities are the inner corners after the matrices had been 
inverted. If one would remove the infinite velocities before inverting the matrices, 


the elevations would be equal over their common junction. 

Fig. 13. The cotidal lines end the amplitude distribution of the elevation Z% and of 
hv, the transport per unit width along y, for Mg, obtained by solving the equations 
as hydrodynamics for the three sea model. The solution given in Table VI has 
been multiplied by the factor 7.5 so thet the elevation across the mouth is 
approximately 70 cm. The amplitude of hv is given in units of 100 m®/m /sec. 


Fig. 14. The elements of the current ellipses. The current is rectilinear almost 
' everywhere. The sense of rotation of the current is indicated by the curved arrow. 
The double arrow indicates alternating currents. 


Table J 


Tidal Stations. Name, geographical location; duration of the interval of 
observations, authority having performed the analysis. 
; (C.H.S. - Canadian Hydrographic Service) 


Table 1 


Tidal Data. Amplitude and phase for Zone +0400 of Ky6.05,/ P37, Blog 
and Ny at the stations noted in Table J. - 


Table II | Bie 


Data on the schematization of the Labrador Sea, Davis Strait and Baffin 
Bay into one or more one dimensional chaniiels. / 
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Table Iv 


~ 


Defant's calculations repeated. A comparison of Defant's 10 rectangular 
channel model with a 20 rectangular channel model and a 3 exponential channel 
model. " 


| Table V 


~ 


. : ° , 
Terms arising from the interaction between the Kelvin and the Poincaré 
waves. 
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Table VI 
Terms alisine from the interaction between the Bainoane waves. 
Table VIT 
3 Numerical values of the matrices and of the column vectors, 
Table Vitt 


Solution of the equations of hydrodynamics for the three rectangular sea 
model, assuming the current component v to be given across the mouth by a 
standing Kelvin wave of amplitude -i. The solution gives the values of ae is 


Cy, and Diy» the amplitudes of the Kelvin and Poincaré waves in the three seas. 
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APPENDIX 1 
SOLUTIONS OF EQUATIONS (3) AND (4) 


The differential equations in Z resulting from equaticns (3) and (4) is 


aS [es A ‘ 2 Z=0 (1-1). 


et . : : F . 
ve pe rl oA me 


1.- Constant Width and Depth 


The laws of width and depth are 


(1-1) takes the form 

2 : : 

Spi tK%Z = 0 y - (1-3) 
where 
eggs weet 
(gh)? 
This equation has for general solution 
DiaiNees Ky + BsinKy | (1-4) x 

implying 
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A end B are hee ary constants of integration; this will also be the case 
for the further mo On that will follow. 
2.- Exponent al Varia tion in LW idth and Depth 


The y ists gasp eee of b and h is ee wae 
Wg Bo. C » By D hie erie oY 


(1-1) takes the form 


through the substitution 


Mie ex 2 


This equation is related to Bessel differential equation and it has for 
solution (Kamke (14) ) 
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° denotes the ar gument. . 
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As long as B is not and integer, these series-can be evaluated with the 
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where I is the Gamma function, 


For the speci scial case B = 0 ee Ces ay the above solutions 


= 0¢ are in terms 
of Bessel functions of order 1 ond 10'5 ‘of f the first and second kind, with a plus 


sign affixed in front of B in the formula for v 


For th the case B# 0, 


a= 0, he ‘equation for Z be comes a homogeneous 
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ae na . \e-wAc er ~ ( +) pel Bae (1-9) 


where 


For instance Channel 3 in the 6 Channel Model could be schematized by a 
channel of constant peo and exponential width. 
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APPENDIX 2 
Part 3 
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Sommaire 

Les principes de la méthode allemande pour l'analyse des marées 
de petites profondeurs sont d'abord exposés dans la section 1.I. Les 
instructions au programmeur pour mettre en pratique cette méthode sur un 
ordinateur electronique sont données dans la section 1. Il. Des tables 
contenant les résultats d'analyses a Québec et A Grondines, des 
comparaisons entre les valeurs prédites et observées & ces deux ports 
durant 1965, et les matrices nécessaires a l'analyse concluent Cette nartie 
du rapport. Le travail preliminaire pour la transformation des données 
brutes en données utilisables est décrit dans la section 2. Enfin le contenu 
des programmes pour l'analyse de données continues et discontinues sur le 


CDC 3100 est esquissé dans la derniere section. 


Summary 

The principles of the German method for the analysis of shallow 
Grater tides are described in section 1.1. The instructions to the 
programmer necessary to put this method into practice on an electronic 
computer are given in section 1. I]. Tables giving the results of analyses 
at Québec and Grondines, a comparison between the predicted and observed 
tides at these two ports during 1965 and the matrices necessary for the 
performance of the analysis conclude this part of the report. The 
preliminary work necessary to transform the raw data into a format 
suitable for analysis is discussed in section 2. Finally the content of the 
programs for continuous and discontinuous data is displayed in the last 


section. 
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THEORIE ET RESULTATS 


1.- La Correlation entre le Passaze de la Lune et 
ltApparition ¢ des J Pleines, et “Bas sses Mers. 


La lune et le soleil créent sur la terre un 
champ de gravitation qui se manifeste par le phénoméne des 
marées. Si nous ne considérons gue la lune pour le moment 
et si nous tragons sur chaque point de la terre les vecteurs 
de la force de gravitation exercée par cet astre 4 un moment 
donné, nous notons que les pointes de ces vecteurs forment 
une ellipsoide dont l'taxe principal est dirigé vers la lune. 


Fig. 1. Champ des forces de gravitation causées par 
Ley, ee 


La lune bouge assez peu au cours d'tune journée alors 
que la terre subit une rotation complete dans le méme temps. 
Un point P sur la terre subira donc deux fois au cours d'une 
journée un maximum des forces de la marée; cette force sera 
dirigée dans 1a méme direction, du moins dans le cadre de 
référence d ltobservateur. hes particules au point P, a 
cause de leur inertie, ntobéissent pas immédiatement 4 cette 
force, mais-en general, le déplacement di 4&4 la marée passera 
par un maximum aprés le passage de la lune au zénith et au 
Wiad res the 


En fait la situation n'est pas aussi simple que nous 
ltavons présentée: le soleil ajoute son attraction 4 celle 
de la lune, la-lune tourne autour de.la terre, la terre 
tourne autour de soleil, le plan de la rotation de la lune 
ntest pas paralléle 4 1'écliptique, les courbes de révolution 
sont des ellipses et non des cercles, l'torbite de la lune 
ntest pas stable, ltaxe de la terre oscille etc.,etc. 


2 


Ces phénoménes additionels introduisent des modulations diurnes, 
hebdomadaires, mensuelles, annuelles, seculaires, etc.,etc., 

dans les maxima et les minima observés, mais quand méme on peut 
presque toujours faire une correlation exacte entre le passage 
de la lune, soit au zénith, soit au nadir, et Ltapparition dtun 
maximum ou d'un minimum de la marée. 


Cette correlation devient plus difficile lorsque la marée 
est de caractére mixte ou diurne; ce type de marée apparait 
dans certaines portions des bassins océaniques ou dans le 
voisinage des points dtamphidromie semidiurnes. Dans ce cas, 
Si l'on suit un maximum au cours de jours lunaires successifs, 
ce maximum diminuera cn amplitude et deviendra A peu prés 
imperceptible 4 un jour donné. Par aprés il se remettra A 
grandir, mais il y:a une bonne chance quton l'tait perdu en 
chemin. 


Nous nous restreignons a la marée verticale dans le 
fleuve Saint-Laurent;1A la marée est de caractére semidiurne. 
Nous pouvons done y faire la correlation entre la passage de 
la lune et les maxima ou les minima sans aucune ambiguité; il 
nous suffit pour cela de suivre un calendrier lunaire. En 
effet la lune se meut un peu au cours d'un jour solaire et il 
stensuit gutelle prend un peu plus que 24 heures solaires 

our reapparaitre au méme point dans le ciel ( 1 jour lunaire = 
..035050 jour solaire moyen). Nous montrons dans la figure “2 
comment steffectue cette correlation. 


Hauteur 
du niveau 
lteau bs _ a 2 


Elevation 


temps 


Fig. 2° Correlation entre le passage de la lune au zénith 
fa “eae nadir (-)° et Va hauteur (H ow h)’ et Ve 
retard (D ou d) des extrema du niveau d*teau. 
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+et - indiquent le passage de la lune au zénith ow au nadir 
et le temps de ce passage est noté par une fléche sur 1'’échelle 


du temps. 


H, (j) dénote la hauteur du maximum qui suit le passage de la 
lune au zénith ou au nadir,; Dy (j) est le temps écoulé entre 
la passage de la lune et l'apparition du maximum. ha (j) et 
d,_(j) sont les mémes variables mais se rapportant au”minimum. 
Nous n’avons pas & commencer nos observations 4 la suite 
d'un passage au zénith: nous sommes libres de commencer par la 
premiere observation qui se présente, que ce soit un maximum 
ou un minimum, et qu'elle se rapporte 4 un passage au zénith 
ou au nadir. Mais il faut prendre soin de noter si les deux 


premiéres observations se rapportent au méme passage ou non 

et si nous avons affaire d*abord a un transit au zénith ou au 
nadir; tout simplement afin de reconnaitre 4a quoi se rapportent 
les valeurs analysées. Il se peut qu’a un certain point de la 
terre, le maximum suive de fort loin le passage de 1a lune et 
que le minimum qui suive ne se rapporte pas au méme passage. 


Une fois que nous avons fixé l’ordre des pleines et basses 
mers par rapport au passage de la lune, nous pouvons former les 
huit suites d’observations 


{He (3) alg) Greta). ae(a)e j=0,41, +2,..., +N (1) 
dans l'ordre qui nous plait. 
Ces huit suites peuvent étre considéréees comme une 
seule suite de vecteurs 2(j) a huit dimensions: beh 
fal i) (2) 
ce qui simplifie considérablement la notation. 
Dans notre cas nous choisissons 1 ‘arrangement 


z(j) =(d,(j), hel j),D+(j),H+(j),0.(5j),h(j),H_(5),D_(§) (3) 


Z2o~ Le Repliement des Fréquences 


wa variable indépendante dans la suite (2) est j, le 
nombre de jours lunaires écoulés depuis une origine donnée. 


yi! 


z(j) résulte dans de l'échantillimage’ de la courbe des 
observations 4 intervalles dtun jour lunaire; une telle 
procedure viole la loi d'échantill age qui dit que le pas 


A A i nt te 


de temps At entre deux données doit satisfaire 


ih! pe 
ra At V Ti oe ai 
Ym étant la plus grande fréquence contenue dans les oscil- 
lations: Dans le cas des marées, © est de lLtordre de 1/2 
cycle/heure, ce gui nécessite A t= t heure. Si nous excédons 
ce pas de temps, nous causons le phénoméne du repliement des 
frequences: une fréquence » qui dépasse la fréquence de 
repliement = 1/2.,t se manifeste par une fréquence inférieure 
A» et la grandeur de cette fréquence repliée dépend de la 
distance entre © .et Pe. sur eee es i roguences.** One peut 
considérer la fréquence ‘*, comme un point autour duquel 
steffectue le repliement des fréquences supérieures. La figure 
3 illustre ce phénoméne d'une fagon schématique.. Dans notre 
cas G ,=1/2 cycle/jour lunaire. 


Repliement des Fréquences Créé par 


lEchantillonnage a Intervalles d'un Jour Lunaire 


a S 
reo 


W4 5 Cycles/jour lunaire 


+ eycle/jour lunaire 


’ , . ae s di ” A = 
fe. wo Meo Lemenl des. Prequences  Superieurées ag cycle/jour 
lunairé causé par 1l'échantillomage d'une fonction a intervalles 
eta. TOUT ScUita Lee, 


Loin d'tétre désastreux, ce repliement est d'un grand 
avantage pratique dans le cas des marées de petites profondeurs. 
fe eitet, A cause des effets non linéaires dans les bassins de 
petites profondeurs, ces marées contiennent une masse She 
quences dont nous ne pouvons prevoir ni La valeur, 12 inp Or 
ce qui rend fort difficile une analyse directe de ce genre d! 
observations. L'échantillinage A intervalles d'un jour lunaire, 


a 


a cause du repliement, réduit considérablement le nombre des 
fréquences contenues dans z(j) - Ol nous appelonsy 
fréquence effective, la fréquence repliée, et fréquence vraie, 
la fréquence originale, nous voyons que nous avons affaire 
seulement aux fréquences effectives dans la suite 42(35)5 y 


Pour connaitre la fréquence effective dérivée par 
repliement d'une fréquence vraie, nous pouvons nous servir des 
nombres de Doodson qui caractérisent chacune des ondes compos-= 
antes de la marée. Les nombres de Doodson consistent en une 
suite de six nombres entiers que nous pouvons écrire sous la 
forme 


(igsdgsk.15.m.n,) 


et qui déterminemt automatiquement la phase et la fréquence 
d*une onde donnée. La fréquence vraie ¢ est 


QD =igh+joh+k os +1 p+m,N'+ nop! 


le point dénote le taux de changement de la variable par unité 
de temps, 


(“ 2 le temps lunaire moyen 

s <= la longitude moyenne de la lune 

h -= la longitude moyenne du soleil 

p <= la longitude du périgée 

Nt = -N, N étant la longitude du noeud ascendant de la lune 
p* = la longitude du périhélie 


Le changement de phase d'une onde composante durant un 
jour lunaire est 


AQ = ip tioAhtkyAs +1, A prm, ANt+ ng Ap? 


puisque Av = 1 dans ce cas. Ce changement de phase est 
identique 4a celui d*une autre onde composante caractérisée 
par les nombres (if, jg,k,,1,,m,.n,) puisque i, et if sont 
des nombres entiers et qu?ii8 équivalemt 4 des multiples de 
360° dans le mesure habituelle des angles. 


Nous avons done la régle suivante: l’onde vraie 


\1o>Jg2k »1,,M5,Ng) devient l’onde effective (Jorko,lo,mgsng) 
par l*échantillo&nage a intervalles d'un jour lunaire. Ce qui 
équivaut 4 dire que nous éliminons la variable f par une telle 


procédure. 


ad 


—— a 
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Par exemple, les ondes composantes My »Mg,M3z,M),... qui 
sont caractérisées par les nombres de Doodson 


550,656,050) a a ay Ia 
deviennent par repliement l’onde effective 

(0,0;0/0;6) 
ou tout simplement une constante d’addition, alors que 
MoM O7=2,1,0,0)) )/ .t2,=b725 2120, O78 9A5(2,9, 2° 1709079 
SN, (4,1,-2,1,0,0), MSNg(6,1,-2,1,0,0), 2MSNg(8,1,~2,1,0,0) 
donnent l'onde effective 

(1) 22g4%50,8) 


Ltinverse toutefois n'est. pas possible: nous ne pouvons 
pas déduire la fréquence vraie & partir de la fréquence effective. 
Mais ceci n'a pas d*intérét immédiat puisque 2(j) est déterminé 
exclusivement par les fréquences effectives et nous pouvons 


l*écrire sous la forme 


rg) a he dee he (5) 


Ke=-n 


Cite =. Ye fréquence effective 

a, s un vecteur a huit dimensions donnant ltamplitude complexe 
de l’onde effective k 

n = le nombre des ondes composantes effectives(assurément plus 
petit que celui des ondes vraies 


L'appendice 1 donne la liste des fréquence effectives 
suggérées par ltinstitut hydrographique allemand. Le nombre 
est ignoré et nop’ est considéré comme une constante 


n 
additive de phase. 


Cependant nous ne pouvons pas suivre les variations 
nodales des ondes individuelles que contribuent a une onde 
effective donnée: ltemploi des ondes effectives nous oblige 
donc A analyser une suite d’observations qui a une durée d'tau 
moins dix neuf ans afin d*’éliminer cette modulation inconnue. 


1h 


34+ Le Lissage-des-Données et: les Tendances a_ Long Terme 


Nous lissons les données 4 l'aide de l'opérateur 
ay a he 
Rage Or 


et nous filtrons par aprés les données lissées a l'aide du 


filtre passes-bas 
Ci Y Oye Lo ope 


L'opérate8ur py windtiqnue deyeatenl de" la moyenne ariéne 
métique de k observations consécutives. Par exemple 
ij k 
Oe ea AR CoE aki! 28 
k seul 


Un produit symbolique d‘opérateurs est équivalent 4a 
des convolutions répétées sur la m@éme suite, dans le temps. 
(Godin 1966) 


Le«= spectre-de ihe est 


ALCO, Je =.» Sinks 
k ihe 
ksintlc 


Il s'ensuit que les spectres ee ae sont 


2 
4 L067) =/ sin2ne sin3Tc 
2sinto 3sinto 


F(a ). =/sin2610- sin2 810 Sams Lar 
26sintao 28sinto 3lsinto 
epi Sacre le déforme un peu les fréquences repliées et 
1¥on doit “corriger’ cette’ défo6rmabion a” ta" fin dessteuangiyee: 
l1’appendice ‘3 donne cette correction. Le filtre # ne cause. pas 


de déformation appréciable. La Fig. 4 montre l'effet du lissage 
sur un @chantillon des données. 


ae 


MGT. slot oa Vy 


TIME L-T HW 


* = 


MATRA 


Fig. 4.. liffet de l'opérateur lisseur sur une suite de données. 


v 
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Le filtrat Zo(j) doit 6tre enlevé des données afin 
d*éliminer l'teffet des tendances 4 long termes et 1'’analyse 
porte donc sur les résidus 


z.(j)=2(j)-29(§) 
Dans ce qui suit nous n’écrivons pas le r afin d*’alléger 


la notation mais il est toujours impliqué. 


Lfon se sert du filtrat pour la préparation des pré- 
dictions; on doit alors l'extrapoler. 


4L.- L*Analyse des Données a l*Aide de la Condition des 
Moindres Carrés. 


Aprés un lissage préalable des données et un filtrage 
qui enléve les tendances 4 long terme, les inconnues a; sont 
calculées en imposant la restriction (Horn 1960) 


n Soetrayy) ie 
Pilea {me Ext ae ets Ye J = Min (6) 


=F 


2N+1 est le nombre des données; 6689 dans notre cas. 


L'équivalent de (6) est 


ae rake’ ——— oes 9) } ' £ 
aoa 5 a actly 2 | =O pour 


Or nous avons 


= pea eae n ooo eats 
5 {8 3)- lees ay" e cnt (stay. a aD ape? is ) 
ie ken Eon 


zy, 


Nous pouvons done écrire (7) sous la forme 


ou plus simplement 


n 
1 Za, Mo 


b ey a Mantes (8) 


ot nous avons défini 


les fréquences étant mesurées en cycles/jour lunaire. 


Le systeme d'équations linéaires (8) peut @tre écrit 
sous forme d'une équation de matrices: 


Sa 
Zeta étant les vecteurs 
RY S| i ee: Pe A ow 


Fie € 
ro § Sl By ae as An ys 90 8 
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enh. est une matrice! de dimensions 2nxz2n dont les éléments 
sont les CO xy 


ar : : s 
a, est la conjuguée complexe de a, et puisque les observa- 
tions sont des quantités réelles, il s*ensuit que 


Tisai 
a elohg 


Nous utilisons maintenant les propriétés de symétrie 
de la matrice UV. afin de réduire le systeme (9) A deux syst- 
émes indépendants d’équations. Cette matrice peut étre 
structurée de la fagon suivante: 


rage porta: nO-1 -2 .... =n 


=) 
ou nous avons défini 


(A, =( C yy) alpoosay ) 
(h = Cor = aoe es ) 


k et J étant des nombres positifs dorénavant. 
Nous réécrivons (9) sous la forme suivante: 
Hex % 
Zy c “dom a ay. 
Zi ave UL eee Seren) 


oa 


0 


a 


ou nous avons pris 


Za(Z, ,Z_) a (a, a) 
ra (25245 5; ae Z (Z Z De ds Ly) 
sai, (ao, 1» 5 gyi) a SO (aay; » an) 


Deux combinaisons linéaires simples sur (10) donnent 
(Z + Z_)#2Zp = 2c5( a, + a_ MO, scaly, Oy )=2ap (Cl Centos) = i 
(Z, -Z_)=2i27 =2is=(-a,+ a_)(CL ol Leah none 2G ~ (_)z2ia78 


qui a pour solution 


R et I indigquent la partie réelle ou imaginaire du nombre 
complexe. C et S sont les matrices (Ch, th), Il y a avantage 


& évaluer -ay plutét que a; puisque 
(ap(k)cos2m0, j-ay(k)sin2"7, §) (12) 


si nous écrivons (5) sous sa forme réelle qui est la forme | 


habituelle. 
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Nous notons aussi que c,, et S) signifient 


N 

Cys 2 — \ eh} heas2 A. Gnis 
je-N 
N 4 

Spe aa z(j)sin2n % j 


5.- Les Calculs Numérigues. 


Nous yoyons que l’analyse top ta ho a eat culey les 
quantités c,s,C~- et S~*+. Le calcul de C-- et de S~- peut 
étre considéré comme un stage préliminaire a l'analyse 
puisgu'il peut se faire une fois pour toutes, ces matrices 
ne dépendant pas des observations 2(j), mais seulement des 
fréquences effectives 0; et du nombre des données 2N+1. 

Les vecteurs c et s doivent @tre évalués pour chaque analyse 
puisqu’ils sont déterminés par les observations. 


Nous décrivons d’abord la méthode que_nous ayons 
suivie pour évaluer l'’équivalent des matrices C+ et S™-, 
qui est celle de Banachiewicz-Cholesky-Crout et qui nous a 
été suggérée par le Dr. K. Munkelt de lfinstitut hydrographe- 
ique allemand (Korn et Korn, 1961) Cette méthode permet le 
caleul rapide et efficace des vecteurs ap et ay 4 partir des 
vecteurs c et Ss; nous nous restreignons A la matrice C, la 
procédure 4 suivre étant identique pour la matrice 5S. 


La matrice C est symétrique et par conséquent elle 
peut étre representée par l1*expression 7 


C=(I-b!)p(I-b) (13) 


ray 
la matrice unité dont les éléments sont donnés par 


Bs kell! 


Tepe Mop ae 


a 
ume matrice diagonale dont les éléments doivent 
satisfaire 


dy = O kth 


une matrice triangulaire dont les éléments satisfont 


byy 20 kel 
la transposée de b de telle sorte que Diy = Dey 


Nous introduisons aussi la matrice 


Gep(I-b) (14) 


Nous notons que 


n 
GeKp= 2 Pry oan =byi)= Py ll =-dyy) 


y O 


et que par conséquent 


| Pee | (15) 


Puisgue b,,=0. La matrice diagonale Pconsiste donc des 
éléments diagonaux de G. 


Nous notons aussi que 


Boge: 


Ces deux équations peuvent étre comparées ade 
relations de recurrence: elles permettent 1’évaluation 
progressive de G et de b, rangée par rangée, en alternant 
de l'une A l*autre, Voyons ceci: 


Un élément de (16) ou de (17) est 
n 
Gey TS lCiyt Sa) wtrer Vmjeye + So byl (18) 


n 
m=0 km mf m=O 


Bitar : 1 = 
Day = ie rd Aee Pim Cn g ‘ Sa PKkoy | i a ~Gyy /Gyy 
“Oo kek 
(19) 
“Gg /Sx, = ky f 


: asi ae 7 
puisque p est diagonal et que p,;,#l/p,, alors que p;,=G,,;- 


Si maintenant nous considérons la niéme rangée de 
G, nous avons 


n 
Gp = One en OnkGmy =Cn f 
puisque b,);.=0 pour toutes les valeurs de k. 


Donc les éléments de la niéme rangée de G sont 


Grp = Sny | fe O,Ag2ion4i0 asin 


De méme ; 
| a — -Gny /Crn} (20,1, os «phen e213 


ee Oe a 


.. Nous obtenons la (n-l)iéme rangée de G A l'aide de 
(18), puis celle de b A l'aide de (19) etc., jusqu'a ce 
que le calcul de G et b soit complété. : 


Nous sommes maintenant prets A évaluer 1'équivalent 
de la matrice inverse g-l, L'équation originale était 


apC «ce 
ou 
ap (I-b!)Gsc 
En multipliant par a7 par la droite nous obtenons 


Ap ( I-b!) s cG7t 


apmab! + cots wt | (22) 


eee 


ou 


une relation qui nous permet l1’évaluation progressive des 
inconnues a, 4 partir des quantités connues c, . Nous 
avons Sineeautt deux nouvelles matrices xet A qui ont pour 
définition 


2h, 


Ltéquation ap-XA prend la forme suivante lorsque mise 
en diagramme: 


(aj Apres An)s 


ol] =] 
Gn nel Gnn 


Le calcul des a, consiste a calculer le produit de c 
par la premiére colonne de A; ceci nous donne a, que nous 
plagons sur co dans ltordinateur. Nous calculons alors les 
produit de (89,0, > 2423p) par la deuxiéme colonne de A; ce 
qui nous donne aj. Nous continuons de la sorte jusqu’a 
toutes les inconnues soient calculées. 


Nous appellons B la matrice qui correspond a g-l, les 
matrices 2A et 2B sont donhéesdans l'appendice 2. Nous 
avons ajouté le facteur 2 pour éviter l*introduction de ce 
méme facteur lorsque nous voulons une expression de 2(j) 
sous forme réelle. Nous notons que_ces matrices consistent 
de la juxtaposition des matrices_G~+ et b. Il nous reste a 
indiquer comment l'on calcule G*~. 

Si nous multiplions (14) par p~t par la gauche et par 
get par la droite nous obtenons oy 


G-lep-l + pa-l (oh) 
dont un élément est 


n 
a = vf [Cyt 2. DiemGang (25) 


a 


a Cette fois, nous procédons 4 partir de la rangée 0 qui 
es 


=] 
Gok = Soq/Goy 


Ensuite nous caliculons la rangée 1 etc.etc. 


Le calcul de c et de s constitue la partie laborieuse 
du calcul. Ces vecteurs ont pour expression 


Me 


Ck 2(j)cos2n Tj (26) 
js —N 3 
N 

Spee eg Sine hy (27) 
je-N ‘ 


Afin d*effectuer ce calcul nous pouvons introduire une 
table de cosinus dans l’ordinateur; ceci prend de l'espace 
mais le calcul est rapide. Nous pouvons éviter l’emploi 
d'une table si nous nous servons d'une relation de recurrence 
entre les fonctions trigonométriques mais l1’épargne d’espace 
est contrebalancée par un calcul plus lent. M.J. Taylor 
emploie un compromis entre ces deux techniques: ce compromis 
est exposé dans son rapport. 


Avant de terminer ce paragraphe nous devons rappeler 
au lecteur que 2(j) est un vecteur 4 huit dimensions dans 
notre cas et que les opérations (11) A (27) doivent porter 


f 


sur chacune des composantes des vecteurs 2(j), cy ou s,. 


6.-L’Erreur probable. 


Cette erreur est la méme pour toutes les composantes des 
vecteurs ap et ay, et elle est égale a 


/ ; (a 
A 1S Jay Zac" (28) 


2N© ye ie Kem 


ae 
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Nous pouvons évaluer cette erreur d’une facon 
approximative mais beaucoup plus rapidement si nous appli- 
uons un opérateur éliminateur de marée aux observations; 

un tel opérateur pourrait étre (Godin 1966a) 


ye BPP 2uP 26°28 ne 


5S; indigue la soustraction de deux données séparées 
par j utités de temps. Le spectre et la représentation 
temporelle de (29) sont 


sin 221° sin 240° sin 2677 sin 28/1T (30) 
et 

4 bone Bb 

be; — j20,41,22,..-. (31) 


ou 


uF 4 = =2,-h, =) 
— ii, gee we Kee elem Ress: 
&, QO pour toutes les autres valeurs de j 


L'emploi de 1'’éliminateur (29) nous donne 1‘'approxima- 
tion 4 l’erreur probable 


U 
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n(j) représente le nombre obtenu par l*application 
de l'opérateur (29) A une suite de 99 nombres extraits de 
la suite {2(j)} . Par exemple 


/ / / ; 
avs Bathe h dl xs 
\ + Sate , ‘ M6 | Py ean , 
mes Sr 


aoe Ss PCy aoa EM ag ac 
47S 54 895? yo) S598 o4So6Sret 


F 
Dire 


=22(j)+ 2(j+2)+ 2(f-2)4 2( jth) +2(j-4) -2(j+ 22) 
~2( j-22) -2( j+24)-2( j- 24) -2( 5+26) a2( 3-26) -2( 5+28) 
~2( j-28)+ 2(j+ 50) + 2( 5-50) 


2No+ lL est le nombre de n(j) que nous nous donnons la peine 
de calculer et il est certainement plus petit que 2N+l. 


7.-L’Analyse d'observations discontinues. 


Nous pouvons ajuster la fonction 
n_ 2 d 
a,e NT 
kSaf) 


& une suite de 2M+1 segments d*’observations, d°’une durée 
individuelle de 2N, jours lunaires, séparés par 2M brisures 
d*une durée de Q-1° jours lunaires en imposant la condition 
des moindres carrés 


MON, or t4 ON. +1 
ees ee al j)e2 my (SHRUG + Maras Fe 


M N ani(g oP yahl@eeny + 1) 
a0 Bo 2G el jeN@eang ) (33) 
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La somme. d'exponentielles du cote droit de l'expression se 
_simplifie de la facon suivante: 


ty n 2ni(ay-oy,)| L (Q+N, +) No e 2ri(ag-% ),j 
L =e j=-No 


ath sin 1 (Oy —- Sy): 


Wi 


‘a. M 
Fey (Q,M) 


Nous notons que 


sin (2Not 1) *(e,-%) = @ 


= KZ 
a» (0,0)= sin 


tel que nous l'avions defini auparavant dans le paragraphe 3. 


Les inconnues ap et az s'obtiennent dans de cas en calculant 


aR= ¢(Q,M)C7"(Q,M) 


-at= 5(Q,M)S7*(Q,M) (3h) 
ou : 
M No cos 
c,(Q,M) = 2 2 z( 3) | 2x6, [5+2(0+2Ng+)]| 
L=M j=-No sin 


s,(Q,M) 


yy 


Nous pouvons obtenir a l'aide de la méthode de 
Banachiewicz-Cholesky-Crout les matrices A(Q,M) et B(Q,M) 
équivalant 4a c71(Q,m) et s-l(q,m). 


Les observations discontinues sur les pleines et basses 
mers* peuvent done Gtre-traitées a ll" aide deila condition des 
moindres carrés. CGeei nous: est: trés utile puisque 1'on observe 
la marée dans le haut Saint-Laurent que durant la saison de 
navigation. 


L'appendice 3 donne les matrices 2A(Q,M) et 2B(Q,M) qui 
correspondent a 2N_+ 1=°177,Q=175 2M+ 1=19. n=43 dans ce cas 
puiequep,le constituent  (0;0,0,1)°net peut pas @tre distinguée de 
(0,0,0,0) par un tel: €chantillonnage. 


8.- Les Résultats-pour Québec et Trois-Riviéres. 


Les.Tables, 1, et 2. donnent les résultats de l'analyse 
pour Québec et Trois-Riviéres. Nous disposons de données 
continues pour Québec et de données discontinues pour Trois- 
Riviéres. Nous avons jugé bon d'analyser Québec a l'aide des 
programmes pour lés données continues et discontinues. De 
cette facgon nous: pouvons vérifier:l'efficacité de la procédure. 
L'erreur quadratique est moindre pour les données obtenues 
durant l'intervalle novembre-mars, qui sont fortement pertur- 
bées pas les tempéts d'hiver. 11 y a donc un certain avantage 
a ne pas inclure ces données dans l'analyse. 


La Fig. 5 montre la différence entre l'observation et 
la valeur donnée par l'tanalyse pour les années échantillons 
1946-1955-1965; nous notons que cette différence est maximum 
en hiver. De plus le moindre succés est obtenu pour la hauteur 
de la basse mer.. Les’ données’ sur: cette variable sont fortement 
irréguliéres, ce qui indique que le fleuve lui-méme n'est pas 
certain de ce que sera la hauteur de sa basse mer. Les pleines 
mers sontadéquatement représentées par l'analyse. La Table 3 
donne sous forme statistique la différence entre les valeurs 
prédites et les valeurs observées pour l'année 1965 4 Québec. 


Lae lene Ba montre las tliseeat z-(j) pour Québec sur l'in- 
tervalle d'observations. Nous notons une tendance nette des 
niveaux, surtout ceux de la basse mer a4 diminuer avec le temps. 
Les oscillations de longue période sont a peine perceptibles et 
trés irréguliéres; il n'est done pas sage de les rechercher a 
l'aide de constituents. 


Toutefois nous avons retenus les constituents de basse 
fréquence dans l'analyse pour @valuer le succés du filtrage. 
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Table «li 


Résultat de l'analyse de 19 années d'observations 
continues a Québec 


Les valeurs en parenthéses indiquent les valeurs 
analysées aprés avoir enlevé le filtrat passe-bas. 
L'erreur probable est indiquée seulement pour la 
premiére série de valeurs. L'erreur probable du 
module est la méme pour toutes les ondes, soit 
ed A i 
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Fig. 5. Différence entre la valeur observée et la valeur prédite 
pour trois annees échantillons §4 Québec. 
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Fig. 5 (suite) 
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Fig. 5 (suite) 
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Table Statistique des différences entre les 
valeurs des pleines et basses mers observées et | 
Heseivaleurs prédites a l'aide de la méthode 
allemande pour les ports de Québec et Grondines 
durant l'année 1965. (Calculée par la Service 
Hydrographique) 
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Fig. 6. Le résultat du filtrage passe-bas & Québec. 
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Détails Pratiques 


(Specifications. ) 


Cette section donne le contenu des instructions transmises a 

M. Je Taylor pour 1'élaboration des programmes, Le lecteur doit 
P é ° ° & 

noter que les instructions n'ont pas été suivies a la lettre dans 


les programmes et qu'il y a certaines modification de détails. 
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Specifications for the Analysis Of. Lg 
Years of Continuous Observations on the 
Time and the Height of High and Low Water. 
eae Bg anne LOW Water 


input. Card “rormat 


Pexssssxddxmmyyxttttxhh. hxttttxhh.hxttttxhh.hxttttxhh, (cont'd) 
hxDDDxDDDxDDDxDDDxxxxxccce 


CCCC3 


Code c= 7) 27 a4 , 57657 98 

Station number 

blank or area for sign 

day number 

month number 

two last digits of year number 

time of occurrence of extremum in hours and minutes 
height of the extremum in feet given to the tenth of a 
foot. It may be negative at times. 

time difference in minutes between the occurrence of 
the extremum and the lunar transit. This may be positive 
Or negative. 

card counter 


General Summary 


fs 


Compute a table of cos® for .0000898 € 1.0000 in steps 
of A9 = .0001 to 4 decimal places. The angles are 
measured in fractions of 277 


Readchhe 4a rst einput card. 
Transfer TCxssss into the output area as heading. 


eet Up a data counter. There willdbe. 6689 data Organized 
into 3 blocks: 
3344,1,3344, 
In one data there will be 8 individual fields: 
xDDDxhh.hxDDDxhh.hxDDDxhh.hxDDDxhh.h 
1 2 3 4 5 6 7 8 


Read in the 3344 data into their proper area following 
code C to fill in the® first, data\®* This involves reading 
each card trying to fill up the data with the eight 
required fields. One card may not suffice to do that; 
this occurs when an extremum is missing on a given day. 
In this case the field xttttxhh.h on the card is replaced 
by x9999x99.90 . 


WO; 


Lae 
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On the card (or. cards) corresponding to data no. 3345 
transfer to the output area the 2 fields 


ddxmmyytttt 
corresponding to the-2>pains-of—fields—xDDDxhAn<nxDDDxIt. Tr — . 
Then transform xDDD into hours and minutes and subtract it 
from tttt. One obtains then in the output area the field 


ddxmmyytytototy, 
which indicate, the time of the lunar transit corresponding 


to the time and height of the extremum given in the field 
xDDDxhh.h. There should be two such times of lunar 


transit in the output area. Note the address of data no.3345. 


Go on filling the data area with the remaining 3344 data. 
If short of cards send an error message and terminate the 
program. 


Remembering that ,in »each.data themesane si sdistinetefields 

to be manipulated, .get ,to.data -3345.. ecCakh it Y.#soithat 

the ith data to the right will be y. and the ith data to 
; i 

the left will be Visas 


Pub y . into butter area... sCalculare: 54 pe Put it over 


viol, Calculate yi-yi.” Dovthis: for d=l)2nat asec sd eee 
thé end of this cyclé*one has calculated 


YiTY-3i 
Clear the column vector area Cor Cyr eee Cag rSyrSgreeeerSyye 
This area will be used to accumulate sums of products which 


will become equal to the desired column vectors in the last 
cycle. 


Calculate 
i=3344 
= a + 
ve oye (y. iG in Ox 


AGG VeuteOntyt LOniy K= ly Poi here 8h 44h 


Read in the Gk cards (angular speeds). 
Set up 2x44 accumulating areas for 


Oe gna Oe ele 


3 3 


‘14. 


ieee 


Los 


Nig ie 


TBs 


47 


one will be used to compute the argument of the coSine, 
the other, the argument of the sine. Clear both areas. 
Add .2500000000 to the Gk! for the sine. This allows 
looking up the sine in the cos table. 


Add Q@ to ten decimal places to both areas. Remove any 
excess 1.00 from the arguments. In a buffer area, 
transfer both arguments to 5 decimal places and round off 
to 4 places. Look up the cos of both arguments in the 
cos table. 


Ther ‘compute °°! 
CY sr ye 5) cos xk? for each of the 8 fields in? dataoaa 
Add thts to ae 


Compute eye yee) sin @ i for each of the 8 fields in data 
-1. Changé the sign of the product and add the result to 


Si: 
DOwcenTs TH turn Lor halyi2t3 ey gab, 


DOV lea for a1 72,398. 3044." At thes /end'i6f the laste 
cycle one pe have computed 


3344 
ES ES pe (VG tiewercos G@ kt ana Sey rng ake ae 6 


TOR ke , 25735444544. 
Read in the A and B matrices. 


Compute 44 
Z, AoKCK = Xo foreach or’ the 8 fields within Co: 


Put X_ over Co. Go on to compute 44 
“ A.,C, =X; and 
=. Bd pe) | tb 
44 
on Bey ys Tor’ as el ARG hy Spa ae ta 


Wiping out C, and S; with X;, and Y; in sequence. 


Calculate 
Psyite & Qnd/< 
and ed 23 see ee 


a = arc tan (Y;/X, ) 
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9), Read in the astronomical arguments matrix. 
EU. Calculate with the help of this matrix and the fields 


adsmyy tes ty Gt Vi 
YY (a ee Pere) O i 


iL. 
foraeach pair ofatilelds gbDDxbhh. bxDDDxhh. hi. o Vowilica Ht ie 
astronomical argument which indicates the true*phase of 
each constituent measured in Greenwich time. In order 

to calculate V; one must be familiar with the absurdities 
of the Gregorian calendar. 


a Calculate Gg, =aqtvy 1 = Lp 2yoze cee pes. cnevereenwith 
phase lag. 
LENS The analysis is finished; one must output the result in 


a convenient format. 
For instance 


ANALYSIS OF 19 YEARS OF CONTINUOUS OBSERVATIONS 
ON THE TIME AND THE HEIGHT OF HIGH AND LOW WATER 


L“Cxssss 
dd a 
xmmy y FRE OLS 
ddxmmyyt tot ot, 
Upper Transit Lower Transit 
Low water High water Low water High water 


Time Diff.Height' Time Diff.Height Time Diff.Height Time 'Diff.Height 


COA NE eM Sia mene A, As Ao 
3 3 Da - 

eel Airy a ay my oy et ak 54 ih 
02 
44 


The above is an example for C=1l1. 


A 


A 


1e) 


bea 
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DETAILS 


The cosine Table 


When angles are quoted, they are in fractions of 2), . 
This is the most natural way of computing with angles although 
this does not seem at all understood in computing circles. 


1 One has to insert into the table 


cos.0000 = ,9999 
cos 1.0000 = ,9999 


in order to avoid the necessity of carrying a figure in 
the. unity column. 


CaS One may compute the table only for values of 8 lying 
between .0001 and .2500 and program to fill in the area 
for ye =7. 2500) to2s9999) usingsthenelations 


@0s(32500 tyax) nsv-cos (42500 =x tx) 500008 aXanga. 2500 
COs 5000 t i ak) =. mi cag, x -0000T .x = .5000 
Sis Since the subroutine for the evaluation of cos grequires 


9° to bes in radians, onemay.calculate for ® in radians at 
all tame or translate 9 in fractions of 2m into radians 
ati each* step. .oThus 


a) A898 .00ol > 8 = .002K 


b) AS = .0001 8 
each step. 


nA9 translated into radians at 


In a) there is a very serious: danger of,error build up 

unless one carries 8 to a respectable number of figures. 

There is no such danger for b) where the increment is 
0002 exactly. 


Once the table is completed, it should be listed with 
respect to the decimal values of the angle. 


It 1s possible to store only the table for arguments 
oetween .0000 and .2500. In this case the evaluation of 
cos @ and sin @ for any angle @ requires more sophisticated 
programming. If space allows, it is best to store the 
table for 8 between .0000 and 1.0000 (included). 


ts 
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The Input Deck 


There should be about 7000 cards in that deck. They 
are naturally all identical in format. The first card of the 
deck should be used to abstract 


TCxXSSsSS 


which gives the number of the station (identification) and C 
the code number which indicate the order in which the high and 
low waters are organized with respect to the upper and lower 
lunar transit and how the first data should be filled in. 


On any card the field xttttxhh.h could be replaced by 
the field x9999x99.9. This indicates that one extremum is 
missing on that day (nothing wrong with that. It just under- 
lines the fact that we measure time with the sun while the tide 
moves with the moon; and a lunar day is longer than a solar day 
by 50 minutes). There will be as many x9999x99.9 fields as 
there are missing extrema. When a field indicating a missing 
extremum is sensed, the computer should move to the next 
extremum on the same card or move to the next card if the card 
has been completely scrutinized. On a given card the first 
xDDD field corresponds to the first xTTTT field and so on. 


The Data Build-up 


By reading the input deck one must build up a set of 
6689 data. One data consists of eight consecutive fields read 
off from one or more input cards. One data consists of the 


following sequence of fields: 
xDDDxhh.hxDDDxhh.hxDDDxhh.hxDDDxhh.h 


These will be two high water and two low water times and heights 
corresponding to one complete rotation of the moon around the 
earth. Each of these fields is considered as a distinct 
variable to be analyzed but the process of analysis is identical 
for all of them. They are therefore handled as one unit 
although any operation on one data involves eight distinct but 
identical operations on the eight fields to be found in one data. 


The xTTTT. field on’ the anputy card: isdnoets usedi ingthe 
analysis but rather xDDD which gives in minutes the difference 
‘positive or negative) between the time of occurrence of the 
extremun (xTTTT) and the time of the corresponding lunar transit. 


D1 


To fill in the first data, one must look up the code. 
For C=1,3,6 and 8, one picks the first field on the data card 
LO Start tilling’ in the first data. 


For C=2,4,5 and 7, one must ignore the first field on 
the data card and start filling in the first data with the 
second field xDDDxhh.h. This simply means that the first 
extremum is ignored in order to reduce the number of possible 
combinations of lower and upper transits with high and low 
waters. 


Once code C has been taken into account, one goes on 
falling the data jin a contingaus: fashion; being however careful 
on the way to jump over the missing extrema. 


After having accumulated 3344 such data, one must 
follow a special procedure in handling data no. 3345 (which 
might be spread on more than one card). This data is the 
central data and everything is centered around it. One must 
first transfer the first and third fields xddxmmyyxtttt 
Corresponding to the two pairs of fields 


xDDDxhh. hxDDDxhh sh 


in data no. 3345 to the output area. Then one must translate 
the two xDDD into hours and minutes and subtract these new xDDD 
from xTTTT. One obtains then in the output area two fields of 
the form 


xddxmmyyxt tot ot, 


which give the time of upper and lower lunar transit to which 
the two pairs of fields 


x<DDDxhn.hxDDDxhh.h 


in data no. 3345 are related. These times will be used sub- 
sequently in the calculation of the Greenwich astronomical 
argument V which will be used to calculate the Greenwich phase 


PN sats ge 
Then one proceeds to fill data no. 3345 with the 8 fields 
Piicd woe long LO ot. 


Then one fills in the remaining 3344 data. 


If one is short of input cards to get 6689 data, one 
sends out an error message and terminates the program at this 
stage. 
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It is best to think of the address of these 6689 data 
as labelled by the symbol i. Data 3345 corresponds to Vor 
Data 3344 to yu, Data 3346 to Yy An Original data in general 
is denoted as y | ’ 
+1. 
SOY eer 


Having located 0, one moves to i=l and i=-1l. One saves 
Yi, transfers Yani pingtse) Vea then uses Ment in storage to compute 
a 0 


Yq =+ Vi ate aes: 


Yaa kl say At. een 


Thens ones movesy to, 1» =" F2yvand tepeats, titevtsane: procedures. 
One, dOeSehiis, FOr 4. Facil se eee ge aa 
At the end of the last cycle, one has computed 


Yi 2 Y-i 
fox, dsl, 23 hwo DO ae 
The Column Vector Area 


One must set up in the computer an area for the location 
of the column vector components 


Cor Cyreeces Cyaar Sir SoreserSyy 
Within each of these components, it must be understood that 
there must be room for the individual components corresponding 
to the eight fields present in each data... Thus: 


86102636455 46667 EB 


In C_, one computes (accumulates) the sum 
: 3344 


vo ipeeee ENOL ig Ge 


This is easily performed by adding all the fields to the right 
of ee and including y in the sum. These sums are performed 
individually over the°8 fields making up one: data. “In this ®way 


AL ere 
C61 [02°°° og 28 | fad led*dion 


se 


Then having properly cleared C rCorrre ay , one adds 
y. to each of them. For instance, at~thé end of tf4#s cycle one 


sRould find sen C53 


AL iis Stage the Calculation of C.. “Vs"complerea. © There 
is one y. in all Cy POD Ka 21,23 ot eyo and there is zero in all 
2 one <5 Ady 


The @- Cards 


this deckiconsigts of 6 cards, each containing 8 fields 
10 digits wide, with the exception of the last card which con- 


bains 4 tields.' There are then 44 fields! in all. 


These. faelds.give, theywvalue. of the’ angular ‘Speed of “the 
44 constituents in fractions of 2p - - On “Che Terr. most. digit 
or the field szthere. isa flag. (11. punch), which, indicates ‘the 
beginning of the field. The angular speed is given to 10 
decimal places and one field stands for 


APS ESOS OOS: 
with the decimal point omitted. 


One has to carry that many decimal places because the 
argument v1, although looked up only to four decimal places 
in the table, is calculated by incrementing repeatedly by ow. 
which causes an appreciable error build up. This can be 
avoided only if one carries enough figures so that the error 
does not creep as far as the fourth decimal place. 


By incrementing, a l is liable to appear to the left of 
the decimal point. In machines with overflow features, this 
digit is automatically dropped (automatic elimination ‘of 
multiples of 2m ). But in the actual computer one has to 
program to eliminate this digit. 
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The: CalcuLation of the’ Column Vectors: Cand ."S 


As a preliminary one must first set 2x44 accumulating 
areas for the calculation of 


Sep 2 pou a pe 
To evaluate sine F,1 we use the fact: that 
cos, SW pitl/4) = -sinU i 
Before setting the loop one must clear the area for 
J,i and Geitl/4 
then add .250000000 to each i+ 1/4 (44 of them) 
Then one is ready to enter the loop. 


3 


r>Get the address of Cy and Si: set 1=2 


Add each gc, to its proper 
k*o 


Remove excess 1.0000000000 from both arguments if any. 


and Yee tds Lore. Co sae 


rrfor k=k, 


transfer the 5 leftmost digits of 


CK . — 
Koto and G igtl/4 


to a buffer area. 
Round off both of them by adding .00005 to each. 
Look up cos or and cos ee in’ the table 


Cos O peer AGL ehearesulm te C 
call Ee oO Oo 


Ko 
Calculate (vy. V7 40 )cos O, 4, + 1/4) “Change the’ Sion, .Aca 
fe) O fe) 


2 er ee 


the result to §S 
Ko 


(This involves multiplying the eight. individual fields of 727 


by the same cos Th a or sin ¥ to) 


| De this for k= ec Tar 
: PDO: Chis: FOr yh = D2 eee ae 


O 


D5 


3344 
When this is done one has computed Vor 


1=1 
3344 
Wie Wen ean Od Saeed CaO vs le a ree 


(y, +ty_,) cos 0 dae, 
and 


peer, 44, 
— 


One needs to multiply these C and §S vectors by some special 
matrices which we will call the A and B matrices. 


Me Matrix Multiplication 
eee PA COL LON 


The A matrix has dimension 45x45; the B matrix has 
dimension 44x44. They are on punched cards, in fortran format, 
in floating point and they are Spread row wise. These matrices 
really consist of the juxtaposition of two triangular matrices 


The lower one, the p patrix, has 0 diagonal elements 
while the upper one, the ~~ matrix has nonzero diagonal 
elements, so that their juxtaposition forms a perfect square 


matrix. We note that the first row of the A and B matrices is 

made,up wholly of elements from the {# ~ matrix and so on. The 
fi ~ matrix will operate on the C (or S) vectors while the 

matrix operates on the X(or Y) vectors. For example, multiply- 


ing by the A matrix can be seen as performing the following 
Operation: 


| 
| 
| 
| 
\ 
1 | 
i | 
I 


2 “4 
Bo a4 my ine poe eee 


} 
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Inside the computer it is evidently more convenient to slap 
the “X's on top of the C's to, €itect, the maltipl ication byerse 
next row of the matrix. 


Using a matrix such as the A and B matrix on the C and 
S vectors is equivalent to multiplying these vectors by the 
inverse of the matrices of the coefficients of the unknown 


vectors X and Y. 


Having understood this, one proceeds as follows: 


First clear some buffer area. There one wants to 
accumulate the sum of: the A..C. or Bi,Sh- 


Lik 
Take the first elements of the first row of the A 
matrix, (ive. (Ags)itand: multiply tise toy C This means: multiply 


each of the eight fields-making up Co By the same A_3- 
Add’ this €o) the ourter atea. 
Then move to A and calculate A _.C., and add to the 


buftfer,.area.vand .so ‘on till A, Cag is GalGulated and added to 
the buffer area. Then one has obtained 


44 
vie AoKk ae Ke in the buffer area. 


Transfer X, on top of C, (wipe it out) 


44 
Then compute den ALM, = xy and, pug) 2@ on Wop of Cy 
AnAdeSO. OF LiL Xay is calculated. 


In a similar fashion go on, using now the B matrix, to 
calculate first 


44 
hae, BYES LE = YX 
kel ik; k i. 
and so on, wiping out the S.'s by the bs ie tal 1 Yaa is calculated. 


Then in the vector area one has 


Kor XyprereerSggrYyrVoresc er Yay 


ol 


The Amplitude and Phase 


Using the computer subroutines one evaluates 


2 


peer ee anes 
i L i 
a, = arc tan (Y; /X, ) Ted pe yoy sate panne 


A good place to store this material is in the output area since 
this is nearly the answer. One only needs to modify the a.'s 
by the astronomical arguments V.- to get the Greenwich phasé lag. 
One should also think of transfGrring X_ inta the output area. 


x, as tientical to AS: FEOM NOW OR LlteawWlLe pe. called AS: 


The Calculation of V., the Astronomical Argument 
ee ee ee | es ie ee ee ee et ee 


At this stage, one reads into the computer a deck of 8 
cards containing the following information: 


1) 2 cards containing each 10 fields 7 digits wide which is 
the following matrix written out row-wise: 


/ g AS iS Se Biash aed 

8 AY AY, AY? AY3 

h Ah (AN da Ah Anh 
0 rs AY; AY» A Y3 (1) 

p Ap. Ap_ Pe, ee ae 

= Laid AY; AY2 AY3 

N! AN‘ AN’ wen f AN 

Oo ss le AY; AY? As re 
2) 1 card giving the number of complete days elapsed at the 
beginning of each month.of the year. This is written out so 


01008.0203103059040900512006151071810821209243102731130412334 


the first two. digats,ofsthe 5 digit.field give, the month 
number, followed by the number of days elapsed at the beginning 
of this month. Thus for example 


11304: for November, 304 days elapsed (for a non leap year). 
The above table assumes a 365 day year. 


3) 5 cards giving 44 sets of 4 integers, positive or negative 


wT pea A 
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in the format xxxxxxxx, one space for the negative sign 
if: there, one space for the digit etc. 


These sets of integers are characteristic of each constituents. 


The phase V; of the ith constituent at the instant of 
lunar transit above or below Greenwich is given by 


Ves St tonts spt aN | 


where 

s = the mean longitude of the moon 

h = the mean longitude of the sun 

p = the longitude of the moon's perigee 

N'= -N, N being the longitude of the ascending node of 
the moon 


These angles can be known at any time provided we know 
their value at a given instant of time and their rate of change 
per unit time. Since time is measured in the mixed units of 
years, months, days, hours and minutes, we have to know the 
rate of change of these angles in terms of these variables. 
Hence the need for the matrix (1) which gives first the value 
of these angles at some time origin, Sg AG Po Noe In our case 
we choose the time origin to be 


00 hour oo minute Ol January 1940 


We exclude the month as a time variable because it is 
of unequal length and of no use really in measuring time. The 
other elements in the matrix give the rate of change of the 
angles per ,yearadty) \ day (V.)* hours eo) and smanutes (14). By 
year, we always mean a 365 day year. 


It is best to evaluate first s,h,p,N' at the two desired 
instants of time. Afterwards, using the 1o13i,i, one evaluates 
; .) e e 
Ener too Ly ued oy a) - 


in order “to calculate *s,h,o,N 7 we-musc know 
YY}YoY¥3 
the number ot 365 day: years, days, hours and minutes elapsed 
Since the time origin at the instant of upper and lower transit. 


Phese latter instants are given by ‘the two fields of tuieetaesrm 


Gasmmy yt. ta 
G70 5O4G 
2 eRe OULD GL varea. 


a9 


The number of years elapsed is given by 
Y = yy-40 


The number of days elapsed within year yy is found by looking 
for the corresponding mm in the table giving the number of 
days elapsed at the beginning of month mm. One adds this 
number of days to dd. Let us call this number 


ce 


Really dd' should be reduced by 1 since when one says 
for instante, .December;13th,~seallyyonly 12; days. are wet 
completed in December. But since 1940 is a leap year, this 
creates an extra day that has been intercalculated since the 
time origin. So one should leave dd' alone. 


But since a certain number of years that have elapsed 
Since the time origin are leap years, one must reckon how many 
extra days have to be added to dd' in order to keep the measure 
of time straight. 


To do this, let us divide Y by 4 in a buffer area: 


1) If the remainder is different from 0, yy is not.a leap 
year. Add the quotient q resulting from the division to 
dav, i «Then 


i Sead ce <g 


the number of whole days elapsed since the time origin 
in excess of a whole number of 365 day: years. 


2) ite oen remainder 16 equal etoit,. yy 18a leap year. ames 
the month is March or later, mm 03 one adds g to dd' 


ym ddijeug 

If the month is earlier than March, mm O35 eriery 
Yo pesca dank 

Naturally 


the hour part of -tot.tpt, 


%9 


vee the minute part of t,tptoty 
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At this stage one has obtained the two fields of the form 
Ven ee 
corresponding to the times of upper and lower lunar transit. 


One then computes 


SBS v Sy + vi ty + ve + v3 BY, etc. 


One is then in a position to calculate 


Vi oan oF ijh ai i3p ae i4N' for oF — 15 25689 2R .,444 
Matrix’ (i)* assgiven? ine Eraétions Of 258; thereforeithe Ves 
are expressed in fractions of 2); as well. One must then 


reduce excess 1.00 found in them. Once this is done, it is 
best to transiate the’) .“ s®*inte- radians ,A sintey the? ai"s 
obtained through a computer subroutine must certainly be in 
radians. 


Once the two kinds of angles are compatible, one calculates 


gy "= (V ES da. Sol, D3 pe epa dg: 


al 


ct night happen “thatreones of thelqyis' ere, negativery “Add 
2+: radians to those that are negative. Finally translate all 
the g;'s into degrees. 


The analysis is then over. 


Output Format 


For code C=l and 4 one should insert in the output below 
the times of transit 


Upper Transit Lower Transit 
Low Water High Water Low Water High Water 
Time Height Time Height Time Height Time Height 


For Code, Ca? and.s, avtLce 
Lower Transit Upper Transit 
Low Water High Water Low Water High Water 


Time Height Time Height Time Height Time Height 
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For Code C=5 and 8 
Lower Transit Upper Transit 
High Water Low Water High Water Low Water 
Time Height Time Height Time Height Time Height 
For Code C=6 and 7. Write 
Upper’ Transie Lower Transit 
High Water Low Water High Water Low Water 
Time Height Time Height Time Height Time Height 


and then output below this heading 


. : ? oO re) : oO O 
Min. 2 Feet a Min. e Feet , Min. Feet Min. Feet 


| A 
is ae San Can a4 wont Aides Ae 


Not forgetting to include the. fields 


TCxssss 


and the instants of upper and lower transit in the output as well. 
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Specifications .fonsthe Analysis 0G) 19 years 
of Discontinous Observations on the Height 
and Time of High and Low Water. 


Summary 


The input deck. contains 19 years of observations on 
the time and height of low and high water carried through 
during the navigation season. 


The analysis itself is performed on 19 sets of observa- 


tions ‘and each see consists of. 277 lunar days of observations 
followed by a lacuna of 175 lunar days. (1) 


The first part of the program will consist in searching 
for the. Gregorian date of each lunar day of observation over 
the interval of 19 years. A register will be built up of such 
Gregorian dates complete with a set of 19 counters giving the 
number of complete lunar days of observations available over 
each year. (One complete lunar day of observations consists of 
a sequence of 4 observations on the time and height of high and 
low water beyond the moment of lunar transit.) 


The jump of.176 lunar days will shift earlier and earlier 
in the spring of the following year, the date for the first 
lunar day of observations. The observations themselves follow 
the seasons and not the lunar calendar. There is then a danger 
that after a few years, the date required for the first day of 
observations in order to: fulfill (1) might fall ahead of the 
first actual day of observations. If this is so, the analysis 
is impossible and the program is terminated as soon as this is 
realized. 


To make the best use of the available data, one will 
always jump: 176 ‘(Lunamdaysond c2esolltarudays, 4) hoursmMand?: 03 
minutes) from the last complete day of observations of the 
year. As the first year is processed, the Gregorian date of 
each lunar day of observation is listed in the date register, 
so that once one has reached the last. full day of observations 
the counter shows that there are more than 177 lunar days of 
observations for this year. One then jumps 176 lunar days and 
usually lands within the series of existing observations for 
the following year. One notes the Gregorian date of the first 
junar day of observations, then moves 177 lunar days later. 
This might lead beyond the point where observations exist for 
this year. To correct this, one moves back one or more lunar 
days within all the observations collected up to that point, 
till the 177th day falls on a day with observations available. 
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In the course of this retreat in time, the latter lunar’ days 

of observations of the previous year are erased from the 
Gregorian date register. If any of the counters becomes less 
Eidnwey 7 Pn thisSrocéss, ‘the program 1s'terminated?* If this 
does not occur, one proceeds to read the following year of data, 
following the same procedure, till the 19 years of observations 
are read in. The Gregorian date calendar at this stage list 
the datas of all» the lunar days in each year which allow the 
Satisfaction of criterion (1) from the right.° The 19° counters 
should each contain a number equal to or largerrthane2r? 7). 


One may illustrate the initial steps of the elimination 
from the®right of the excess data as one jumps 176 days and 
tries to find a set*of data which satisfies criterion CP ite 


~ear 1936 ge a 
Season Winter ** Season 24miss- 
Kove. he 
N/a Ces ESS MINEO 
becomes after the & 139 Bathe —- & Low ee Oleg =p 
backward shift 
Back 2 5 ell] eds 
re mt ee a ee 
Sh eas gee ee £182 1,.deame 
The solid line indicates the time of the year during which 
observations are available. At the end of this\ loop one 
obtains the following arrangement of Gregorian dates: 
fe 1759 4% al 175 1.dH 175 1.d. 
BAS) 25 shee Ps PERS ee orci pee ee eels ef] oe 
emg)? 18> 2 Ee ON Sy hy fas be 21779 cer 


Now one is ready to accumulate the data which will be used for 
the analysis. Going back on the first input card which is kept 
somewhere on a tape, one looks up the counter for the first 
year of observations. In the Gregorian date register one jumps 
the first few dates if the counter is in excess of 177, and 
jumps as many as the difference is between the counter and 177. 
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Then one looks for the card for which the first acceptable 
Gregorian date corresponds and one starts building 177 data 
out of this: year. .One; goes, then, to, thesnext.set, .jumps,the 
first few superfluous Gregorian dates (if any), and by looking 
up, the. input,.cards;:goes.on.fillang contanuously,the data area, 
without any break.betweenv the :data for,.one.year and.next. 


From this point on the analysis is pretty well similar 
to that of 19 years of continuous observations with two 
important exceptions: 


t) There are two sets of g~'s in the O cards: One set 
‘gives @- in fractions of 2ff /lunar day as before 


The other gives 


DO in®fractions of°2H. “which“is“the change*in 
the phase of each constituent over an interval of 175 
lunar days. 


2) When +the~column*vectors C’and”S are computed, “one 
increments 


Gi and Oy i + 1/4 
by Tk for 177 consecutive cycles. Then one adds 


0% 


a 


¥ fs ) 
Gf and O,i + /y 
before going on to the next set of 177 data. 


The A and B matrices are also different in content 
from those pertaining to the analysis of continuous data and 
they are 44 x 44 and 43 x 43, but the mechanical steps for the 
calculations of the X and Y vectors, are identical to those 
described in the previous program. 


Note: To understand what follows one must be familiar with 
the specifications I gave for the analysis of 19 years 
of continuous observations on the time and height of 
high and low water. 
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DETAILS 


Preliminaries 


The input card format is identical to the one used ate We 
the analysis of continuous records. 


As the first part of the program is performed, the cards 
scrutinized should be stored Sequentially on an auxiliary tape 
because one will have to read them again once the Gregorian 
date register is established. 

Read)ithe: first) cand. 


Note the code C 


BE ey ee ( Letor: 4 (2. (LU 
(2) COR 62 (LL' 
G5 son B Insert in core Memory (3 which means (HL! 
Grrr 7 (4 (HU 


where L = Low water 
= High water 


= Lower lunar transit 
U = Upper transit 


This keeps note of the order in which the high and low water are 
organized with respect to the lunar transit on the first lunar 
day of observations. 


The Gregorian Date Register 


This register will contain a sequence of Gregorian 
(calendar) dates of the form 


ddxmmyyxtttt 
dd = day number 
mm = month number 
yy = last two digit of the year number 


Ghetie Nours ttttryand minnutee tttt 
x =  bblank 


The above field indicates the time of the first observa- 
tion on a given lunar day. On any lunar day, there will be four 
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observations on high and low water, each one being of the 
form 


xtEttxhhnh es) 


giving the clock: time and the height to the tenth of a foot 
of the extremum. In building the Gregorian date register, 
one ‘therefore. looks. up only thesfirst, 5th,..9th, etc,, 
observations in the sequence of data. 


One sets up a special register for each year. For 
any register, except for the first year, one must allow some 
space to the left of it, since an individual register is not 
filled from the left, but rather outwards to the right and 
the left from a given point. 


To get the first data while the first input card is 
in the reader, one transfers the field 


ddxmmyy Czy 


which 1s,1n,column:*s to £5 of the-card; to the register. ror 
the first year. Then if the code 


one adjoins to (2) the field xtttt pertaining to the first 
observation on the card. ir 


one adjoins the xtttt pertaining to the second observation 
on the card. One has then formed in the date register the 
field 


ddxmmyyxtttt (39 


which is the Gregorian date of the first observation on the 
first lunar, day of. the; first vear. 


One goes on reading another card, forming in sequence 
the.-Gregorian date, forsthe Sth, 9th; etcs,. (or) 6th, 10th vere 
and storing them in the date register for the first year, 
keeping note as well in a counter of the number of Gregorian 
dates being accumulated. 


Une does not count as an observation any observation 
encoded as 


> de Be pe be a he 4) (4) 
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which indicates that an extremum is missing over a given 
solar day. One simply ignores fields of the form (4). 


One proceeds in this fashion till the register for 
the first year is completed. This is noted by a change in 
yy: 


One should then check carefully if the last Gregorian 
date registered corresponds to a complete sequence of 4 
observations of the form 


xtttxhh.h 


A.- As soon as a change in yy is noted, one is in presence 
of the first observation for the following year and the first 
card of observations for this year is in the-.reader. 


One must now perform the jump of 176 lunar days (182 
solar days 4 hours and 03 min.) The number in the counter 
pertaining to the register of the year that has just been 
processed shouid=be:egual..or larger than’ 177. “If not, send 
out an error message, output routine 1 (see below) and ter- 
minate the program. 


To perform the jump, one transfers the last Gregorian 
date which has just been abstracted for the preceeding year, 
to some buffer area. There it is transformed into the field 


dddmmyyxtttt (5) 


by consulting the following table which has been stored some- 
where in the computer. 


mm number of days elapsed at the beginning 
of the month 


January O1 00 
February 02 sp 
March 03 59 
April 04 90 
May 05 120 
June 06 spl 
July 07 LoL 
August 08 Zz 
September 09 243 
October 10 Pd pi 
November BE 304 


December 12 334 
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One looks up mm in the table, gets the corresponding number 
of days and adds it™ to dd in’ order” te ebtain-Gad in (5)4 


For example 1011 304 + 10v="314 ddd 
(Nov. 10th) 


After .this+one»adds:1l82.toiddd 


and 0403 (4 hours 03 minutes). to tttt. If in excess of 
60 mins. add 01, to-tlLtt wand subtract: 60" from cCce. 


In the reader there is still the first card of the 
new year of observation. So one checks if yy is a leap year 
(divide yy by four for instance in some buffer area). 

IE yy is 2 leap vec, 

subtrack.1from-ddd 
Tr Vy 1s nota leap year, 
leave ddd alone. 

Now subtract 365 from ddd (always). 

Using Table l again, transform, field ”(5)~“back= into the~torm 
ddxmmyyxtttt (6) 
Out of field (6), one forms two new fields by subtracting or 


adding 0200 (2 hours) to tttt in 6. One obtains the two new 
fields 


ddsmnmyyxtect. and dd) xm xt’ t “oc t7) 
(a) (b) 
which will be called (7a) and (7b). (7a) and (7b) give the 


limiting times between which the first observations on the 
day which occurs 176 lunar days after the last day of observa- 
tion in the previous year, should fall. 


There, is ,acpossibility,thatettbtiand/ore:' tse’ tbe equal or 
larger than 2400. If this is so one subtracts 2400 and adds 
OlvEo ddvand/orudi.d 4+ 


There arises then the possibility that dd or dd' 
exceeds the number of days allowed for a given month in 7 
(for instance dd = 31 for mm’= 04 April). If this dexcorene 
must consult thé! following table. 


q 
} 
| 
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mm Maximum number of days 
O01 OL 
02 28 
03 Dab: 
04 30 
05 or 
06 30 
07 oF 
08 So] 
09 30 
10 St 
AL 30 
hiv’. 31 


If dd and/or dd' exceed the maximum number of days allowed for 

a given month as it may be checked by consulting the above table 
with mm and/or mm', subtract the number of maximum days from dd 
and/or mm' and then add 01 to mm and/or mm'. 


Now One “eaces the task ort inding “wrthtn "tne current 
year some observation whose time field falls between 7a and 7b. 
One must first check if the observations extend early enough 
in the spring to allow such an observation to exist. 


Recalling’ that the first’ card for the-yéear-is still in 
the reader and that the first time in it gives’ the: time of the 
earliest observation, one first compares the mm on this card 
withthe mm" sofii7b. 


If the mm on the card is larger, one sends out an error 
message, outputs routine 1 and terminates the program. 


If the mm on the card is equal to mm', one compares the 
ponron the ‘card with the dd’ of 7b. 


If the dd on the card is larger, one sends an error 
message, outputs routine 1 and terminates the program. 


If the mm and the dd on the card eguals the mm' and the 
eat or 7b, one compares the first xtttt on; the card with gthe 
ets Of) 7a 


Tf the first xtttt on the card “1s larger, one sends an 
error message, outputs routine 1 and terminates the program. 
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If all of the above tests fail, one may proceed to 
look for the observation which falls between time 7a and 7b, 
by starting to read the input cards for the year under investi- 
gation. 


a) L£-the mm.sof Ja “is Gitfement fuem the mm of 7b. 


One searches through the input deck to find the last 
card of observation pertaining to month mm and the first card 
of observation pertaining to month mm and the first card of 
observation pertaining to month mm' (they are consecutive). 


The observation we search for is either the last 
observation of the last month or the first observation of the 
next month. (By last observation of the month one must note 
that we mean the last existing observation over the solar day; 
ict, the, sfourth ,field.,on the, card ter anstance 1s. x9999xnhh, 
the last observation is the third field). 


1) . Test if; the xtttt tof the, last: obsermation is 
larger thane: the, xtiit tof, jan. el iv SOs kt i Sapche 
observation we are looking for. If not so 


2) Tease Ct the’ ectt.-of* Ehe: timwst’ observation or 
the next month is smaller than the xtttt of 7b. 
If it is so, this is the observation we are 
Looking, Gor, 


If both tests fail, send an error message output 
routine 1 and terminate the program. 


b) If the.mm of 7a is equal: ite the mm" of 7b but. if the 
dd, of Taiis different from the: iddJ of, 7b 


Search through the deck for the cards corresponding to 
month mm. Then within this month search for the two consecu- 
tive cards whose dd correspond to the dd of 7a and 7b. The 
last existing observations’’on the’ first: card’ or’ the’ first 
observation of the next card is the one we are looking for. 


Do test 1) and 2) as above. 


If both fail, send out an error message, output routine 
and terminate the program. 


Cc) the ddxmm of 7a and 7b are equal. ° 
g 


(al 


Then one looks through the deck to find the card whose 
ddxmm corresponds to the one of 7a and 7b. 


One of the four fields on the cards is’ the one we are 
Lookingilfor: 


Vest wir che x<tect of the ‘Guvstobeervataonricame is 
wergemwnan chev xCere of Vane Th Teas somes af 
SC Sexttht ts rsmalhlidx han uwthel! xttttiivot Tb. o he dias 
so, it is the observation we are looking for. 


If tire’ first’ freld has’ an’ xttte’ smaller than’ the 
xCCUL OL /avtext,*test” the’ second tVeld and So ion. 


iP the sequence sof the fourvtests ‘fail srsend} lout an 
error message, output routine 1 and terminate the 
program. 


=O finally, there is a card in the reader over which 
lies the observation we are looking for. 


One “Cheeks ’Givest the 'C ieof the /cardionowhich Wit be 
round: ~ This’ first observation should be’ of ‘the’ jsame 
character as the first observation that was abstracted 
for-the-first observation of the sfirst. lunar day of 
the first year. 


Then one checks the position of the observation on the 
card? it shouldbe thenfirst, second /ithird sonsfourth 
field, then looks up the table below which gives the 
following information: 


Code Order of the field on the card 


ONIKnUPWNHH 
WNHARPEFPWARH 
NBR WWEN BND 
BRPWNHNH BWNYW 
FPWNM PANE WIA 
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Knowing the position of the field on the card (i,2;o777or 4) 
and the code C on the card, one looks up the corresponding 
number in the above table. This number should be identical 
to the number stored in the core memory at the beginning of 
the program.  .If it. is not. so, seme an error message, -Outpuc 
routine 1 and terminate the program. 


If all is well, one is ready to start building the register 

for the year under scrutiny, but the way to do it is different 
from the way it was for the first year. What follows describes 
the procedure. 


From the observation we have just found, which lies 176 lunar 
days beyond the last day of observation of the previous year, 
we build the Gregorian Date 


ddxmmyyxtttt (8) 


from the ddxmmyy on the card and the xtttt pertaining to the 
observation. This date is stored in the date register per- 
taining to the year under scrutiny, and then one proceeds to 
work backward. 


Going back over the tape which contains all the input 
cards read up to now, one picks the Gregorian date, in the 
procedure outlined previously, from tie oti, Ven, cle. .cace 
to the left of the observation which has been used to establish 
(8). One proceeds so till the beginning of the year under 
scrutiny is sensed, storing the Gregorian dates to the left of 
(8). In the meantime a counter has been keeping track of the 
Gregorian dates entered into the register (not including in the 
count (8). This counter is set aside preciously. 


Now one moves back over the input cards, without doing 
anything, till the card from which field (8) has been extracted 
is sensed. Then one goes on reading the cards from the reader, 
abstracting the Gregorian dates and storing them to the right 
of (8) keeping now a separate count of these dates, including 
(3) In the countSand cheeking ifitthe last date ‘corresponds “vom 
complete lunar day of observations. 


This last counter should be larger, equal or smaller than 
Addy LE the counter 1s larger Of equal to 177}. @neVadde eee 
the first counter keeping track of the dates to the left of (8). 
This counter is the counter which gives the number of useful 
data in the year just processed. If the count is smaller than 
Ll77, one computes the difference between This countand meee 
a positive number) and subtracts this number from all the 
counters for the previous years processed up to then giving the 
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number of useful dates in those years. If any of these 
counters, after the subtraction is felt to be smaller than 
177, an error message is sent, routine 1 is outputed and the 
program is. terminated. For the year just processed one adds 
the content of the two separate counters which had been 
keeping track of the number of dates stored to the left and 
right of (8) for the given year. If this number is sensed 
to be less than 177, an error message is sent, routine 1 is 
outputed and the program is terminated. 


One notes that as a consequence of this procedure, 
one saves all the dates in the last year processed, unless 
there are more than 176 dates to the right of (8). In the 
latter case, the extra dates to the right are not counted. 


One then goes back to A.-page¢67 till the 19 years are 
edited in the way just described. 


The Data Build Up 


At this stage one has 19 sets of 177 or more Gregorian 
dates. These dates will be used to build 19 sets of 177 data 
which will be submitted to the analysis. 


One rewinds the tape so that one may contemplate the 
first card of the first year of observations; one gets ready 
as well to look up the date register pertaining to this year 
as well as its counter. 


5b. Ee che Socounter iia larger than ly 7a teu us Say,: it 
equals 177+x, one jumps the first x fields of the date register 
and picks the x+lst one. 

If the counter equals 177, one picks the first date of 
the register. With the help of this date, one starts searching 
the input cards for the one containing the observation xttttxhh.h 
pertaining to this date. One stores in the data area the field 

xDDDxhh.h 


corresponding to this date. Following this field one stores 
the three fields 


xDDDxhh.h 
which follow it. immediately. The sequence of four fields 


xDDDxhh.hxDDDxhh.hxDDDxhh.hxDDDxhh.h 


Th 


form one data pertaining to one lunar day. Then one proceeds 
to go continuously through the cards of this year to build 
the remaining 176 data. 


Once the whole year has been processed one goes back to 
B.-page 373; till the 19 years have been. processed and, one has 
accumulated the 19 required sets of 177 data. 


The Analysis 


The steps for the analysis are identical to those des- 
cribed for the analysis of continuous data. 


The only difference in the input data is the «© cards 
which contains two sets of angles. 


Also, in the continuous case, one analyzes for 45 con- 
stituents) (2=0,1',2,..«6..0,44) while an the discontinuous: case 
one analyzes. for 44, constituents, .(1=0,,1,,.2 ,3.,.... «is f4Bde 


The matrices aS a consequence are of smaller dimension, 
the A and B matrices being now 44x44 and 43x43. 


So whenever the number 44 is met in the previous set of 
notes it should be understood as being replaced by 43 for the 
present analysis. 


In the previous case also, the calculation of the C and 
S vectors was done in 3343 repetitive cycles. 


Now, one goes through 177 cycles in the same fashion as 
described previously, but before one goes into the next cycle, 
one increments the arguments 


Gi Gi+l1/4 


and 


by A ox which accounts for the 175 missing data. Then one 
goes on with the next set of 177 data till all 19 sets have 
been processed. 


The evaluationsof the~X rand, Y-vector™ from, the *Ceandgs 
vectors and the A and B matrices is absolutely identical to 
he previous procedure described previously, with the exception 
that the summation are carried for up to k=43 rather than k=44 
as before. 


1) 


The Output 


Before outputing the results of the analysis in the 
format recommended in the notes for the analysis of continuous 
daca, Jt nSs best. ‘to output "thel first.and ast Gregorian date 
used for the analysis of each year that is to say the Gregorian 
date of the first and 177th data used in the analysis for a 
given year. Thus 


Year Date of First Obse.Used Date of Last Obse.Used 
00 ddxmmyyxtttt ddxmmyyxtttt 
O1 ddxmmyyxtttt ddxmmyyxtttt 
ee, ddxmmyyxtttt ddxmmyyxtttt 


Then on a separate sheet one can start outputting the standard 
results with the heading 


CONSTITUENTS OBTAINED FROM THE ANALYSIS 
OF 19 YEARS OF DISCONTINUOUS OBSER- 
VATIONS ON THE TIME AND HEIGHT OF HIGH WATER. 


TC sssss etc. 


Routine 1] 


This routine should output: 
1) TCxssss, the code and station number. 


2) The. content, Of the pair of: counters sed’ ini building up 
the date registers. 


(One must, recall that tor.the first. year, there 18 only 
need for one’ counter). 


3) A message describing the type of error. 


4) A list of all the Gregorian dates accumulated in each 
register at the moment the program was terminated. 
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Specifications for the Smoothing and 
the Low Passing of the Data on High 
and Low Water. 


Summary 


The smoothing and the low passing operations have to 
be performed in such a way that the output may be used with- 
out ambiguity in the program for the analysis of 19 years of 
observations. Since the first filtered field can fall any- 
where.on a given card, it is net practical to start outputting 
with this very field and it is preferable to output to original 
card containing some unfiltered field if necessary. 


The smooting operator chosen is a 0, while the low 
pass filter is Os 6 8 1 


Card Format 


It is described in our specifications for the analysis 
of 19 years of observations on the time and height of high and 
low water. 


Smoothing 
One needs five fields to apply Os, Os. 


Initially 5 or more cards are read in order to accumulate in 
storage 5 fields of the form 


xDDDxhh.hxDDDxhh.hxDDDxhh.hxDDDxhh.h 
ay 2 £} 4 5 6 iT 8 


Somewhere else as well the images of the cards used must be 
kept (at least the one(s) containing the third unsmoothed 
ELela):. 


One applies AS Ay, to the. 5 fields, (8 identical) opera 
tions) and one obtains a smoothed field falling over the third 
field. The position of the xDDD field of the third field’ on 
the original data card is looked up and the smoothed field is 
applied over the original data, one card being outputed each 
time it is full.’ This implies that’ the «first teard outpuced 
might contain some unsmoothed fields to the left of xDDD. 

Then one goes on reading more. cards and smoothing till the data 
deck is exhausted. 


da 


Low Passing 


One needs” 83) fielos to apply 1, %,%,. One uses 
the smoothed fields to apply this operator. 


iInpeciallivy one Gesds as many cards as needed to obtain 
83 fields in storage and one must retain the image of the 
card on which the first portions of the 42nd field falls as 
well as those that follow it. 


One applies the operator to the 83 fields; the low 
pass. field falls over field no. 42. One checks in the card 
image memory over which portion of the card the low pass xDDD 
lies. If it is not the first on the card, one repeats the low 
pass field to the left of itself and one moves backwards from 
xDDD till the portion of the field is reached which corresponds 
to the first field on the card. When this position is reached 
one starts computed y smoothed -y low pass and OUTPULS? a Card 
eGentical in format to, card,no. 42...Then one,moves one tuner 
day and repeats the same operation till the end of the data 
deck is reached. 


somehow one must also output y smoothed in a card format 
adentical” to the original data. 


Specifications for the Verification of the 
Analysis on 19 years of Continuous Observations 
on the High and Low Waters and for Predictions. 


Summary 


OneLue Tirst card, the first and third tttt and ‘DDDD 
fields are used to evaluate the time of lower and upper transit. 


s,h,p,N' are computed for these two instants. Then the 
its are used to evaluate ee EON, dy 2 3 ps aes pee 


With the hedp of.the analyzed g;'s, the 8.sets of 
Vi-g; are evaluated. Then one calculates 


n+ Ei 


gives the predicted DDDxhh.hxDDDxhh.hxDDDxhh.hxDDDxhh.hx 


ATCMmaAva Gs) fOr the Clgnm Gets? cine 


for the first lunar day. Compute the difference between the 
observed and predicted fields. Plot the results. 


78 


Add .,. ».toithemset tet .2 Va794? this gives the phase 
for the second lunar day. 


Compute 
A, + ss A, cos(V,-g,;+9j); this gives the 

predicted ‘fleld forthe psecondlunarsday.. pr Compure tre 
difference between observed and predicted. Plot. 


Add os to the argument to get to the third day etc. 
and proceed so, till the last day of December 1964 is reached. 


Calculate the predicted field for the period 1965-1971 
(excluded), output the results in a format suitable for reuse 
in the computer. 


Details: 


With ddmmyy and the tttt and DDD pertaining to the first 
and third field on the first card, we get the date and time of 
the lower and upper transit corresponding to the first set of 
data. Compute the numbers of years and fractions of years 
elapsed between OOhr. OOmin. O1 January 1940 and these two 
transite, Call these differences bs and A>. 


Compute As a 
Seo aie Daavat ec Pee Aik, ,ete- for these two 


transits. 
With the i's compute the two sets of 44 V's given by 


V1 4=i118,tigh)t+ispitiaN'} and Vo 471,S2tighotigpotignes 
With the help, ofthe analyzed g's compute’ the! eight sets 
of Vir-Gy 


Waa pertaining to the first set of four; Vo4 pertaining to the 
second set. 


Va-Gi gives the phase of the 44 constituents on the first lunar 
day. 


< 


Compuce the sum 
44 
A +2. A cos(V.79g:) 
° i=l 3 ais 


with the help of the eight sets of analyzed A;'s. This gives 


19 


the predicted field 
DDDxhh.hxDDDxhh.hxDDDxhh. hxDDDxhh. hx 


for the first day. Compute the difference between the observed 
and predicted field. Plot the observed Field, the predicted 
field and the residue with separate plots for DDD,hh.h,DDD,hh.h, 
DDD,hh.h,DDD,hh.h with proper labelling. 


Add *‘; to the eight sets of Vi-9;; this gives the phase 
of the constituents on the second lunar day. Compute 
44 
Aot? Ajcos (Vi-gi+ Oy} this gives the 


predicted field for the second lunar day. Compute the difference 
between the observed and the predicted and plot the three 
quantities. 


Proceed along these lines till the card pertaining co 
31 Dec. 1964 is sensed 


Do not compute the residues, nor compare with the 
observed quantities from this point on and compute the predicted 
values for the interval 1965-1971 (excluded) separately from 
the previous work and outputeqd in a format suitable for re- 
use in the computer. 
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Appendice 1 


Liste des fréquences repliées suggérées par 


l‘institut hydrographique allemand. 
k Gs 


(cycles/jour lunaire) 


0 -0000000000 
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4 -0056677466 
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34 ~L402004014 
35 14 522754652 
36 -1458681480 
Bua 252 5358946 
38 61727369300 
39 wh PF P6407 37 
40 ~LIBS0843751 
41 LOU OLoOLU? 
42 2h. 03006022 
43 ~- 2159683487 
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Appendice 3 


L 
La distortion introduite par l'opéreteur lisseur = qq) q, 


Fréquence no Amplitude de l'onde aprés le filtrage 
k en pourcentage de l'amplitude avant le filtrage 
1 100. 0 
2 100, 0 
3 9909 
) 99.9 
5 976 
6 | 97 06 
7 96,8 
8 96 6 
9 96,6 
10 96.7 
11 96 67 
12 95 8 
13 90.6 
1h 90.0 
15 89.3 
16 89.2 
17 89.1 
18 89.1 
19 87.46 
20 8745 
21 8765 
22 Oeil 
23 87.6) 
2h Vie 
25 eal 
26 76.0 
at 76.0 
28 159 
29 1508 
30 yA, 
31 T2369 
32 KoA: 
33 6363 
3h 62.0 
Be 5967 
36 59 oh 
3 56.9 
38 h7 oll 
39 45.0 
1,0 yh .8 
yl 2.65 
he 3269 
43 30,8 
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The harmonic method of tidal analysis (using as 
many as 61 constituents, of which up to 20 are shallow water 
constituents) gives inaccurate results in the prediction of 
tides whenever the shallow water effect becomes appreciable. 
The first step in developing the shallow water analysis was 
the preparation of the data in a suitable form. 

Four computer programs were written to convert, 
prepare and check the data. Six stations were processed: 
Québec, Neuville, Grondines, Cap a la Roche, Batiscan and Three 
Rivers. 

Figure 7 illustrates part of the Data Processing 
System of the Tides, Currents and Water Levels Section. The 
Shallow Water Analysis and Prediction runs parallel to the 
Harmonic Analysis and Prediction. Several programs are used 
by both methods. 

Figure 8 shows the flow of data, that is, how the 
data is processed, prior to the Shallow Water Analysis. 

The preparation of the data involved a large amount 
of data handling and required about twelve man-months. It was 
divided into five main steps. 

‘Ls, ‘Placing the data on punched cards: 

Data for 5 stations was available in manuscript form, 

the data for Québec had to be abstracted from the 

gauging record. Keypunching (and scaling for Québec) 
took approximately 6 man-months. Two hundred and 

fifteen station-years GE data or about 1,900,006 

digits were processed. 

a Conversion of the card format for high and low waters: 

Because the format of the manuscripts did not agree 


with the adopted card format, all cards had to be 
converted with the help of the computer. It took 
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Hourly Heights 


G 33005 G 33041 ee G 33021 to 25 


High and 
Low Waters, 


Astronomical 


Constituents 
Arguments 


old format 


G 33143 G 33043 G 33042 G 33027 G 33026 


High and 


Low Waters Lunitidal Intervals 


Hourly Heights 


@ 33050 @ 33044 G 33045 G Sem! G 33030 


Reference and 
Secondary Ports, Secondary Ports, 
Listings for Tide Tables 


Tidal 


Computations Tide Tables Plotting 


Information 


and differences 


Fig. 7. System of computer programs showing the flow of data for 
the Harmonic Analysis and Prediction. 


Manuscripts for High 
and Low Waters 


Preliminary 


Preliminary 


format format 


G 33143 G 33145 G 33062 


High and 


High and Low Waters 


Lunar Transits 
Low Waters 


G 33061 


> 


Plot of time differences Elevation and 


time differences 


Analysis, Prediction, 


Tide Table Listing 


Fig. 8 Flow chart for the preparation of data for the Shallow Water 
Analysis. 
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200 man-hours to write the program and 5 hours to 
process the data on the IBM 1401. 


Checking and correcting: 


Most of the mistakes found in the listing given by 

the computer could be traced to the manuscripts, 

even though these had been double checked. Small 

gaps (up to 8 days) in the record were filled by 
interpolation. The time intervals (about 24.8 hours) 
and the height intervals were kept constant in fal aing 
a gap. larger gaps were filled by predicting the 
intervals using the harmonic method. This part of 

the work took about 1 man-month. 


Preparation of lunar transits: 


The lunar transits supplied by the German Hydro- 
graphic Institute had only one transit per card 
(see Table’6). ‘A more efficient format was 
desirable because of frequent card handling.” (> The 
format designed put 12 lunar transits on one card. 
A program was written to convert the data. 


These lunar transits covered the period of analysis, 
but the prediction would require lunar transits which 
were not yet available. Hence a program to produce 
dunar transits was written, using the IBM 1620. 
However, it is not economical to run this program 

on the 1620 so it was converted for the IBM 360. 


Time differences between the lunar transits and the 
times of the tide: 


Program G33061 computes these time differences. It 
also gives a>-printer-plot of the differences, thus 
enabling one to make a quick and accurate check. 
The CDC 3100 computer processed the data in about 

9 hours. Tables 4 and 5 give the output and the 
operating instructions for this program. The 
elevations can be checked with program G33045. 
Processing and checking took about one man-week 

per station. 
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Table 6. Specifications for the program G33061 to 
compute: time differences between the lunar 
transits and the occurrence of the tide. 


Inputs 2 control cards 
lunar transit cards 
1 blank card 
tidal record cards 
1 blank card 


The control cards contain: The approximate average of (Low 
water time - time of lunar transit), the lowest number of 
the time ~ difference plot-scale, the amount to be added to 
the elevations (no decimal point allowed), the card counter 
decreased by one, the last lunar transit (in minutes) for 
the day preceding the first tidal record, the page counter 
decreased by one. 


The format of the control cards is: (214, F4.1, /, 3 14)., 
When starting a job, the field for the counters should be blank. 
Otherwise, the field on the control card should be equal to that 
on the last page or card. If the first tidal card is the first 
for a month, the last lunar transit (in minutes) for the pre- 
vious day should be entered on the control card, otherwise this 
field may be left blank. 


The lunar transit cards and the tidal cards should be in ascen- 
ding time sequence. However, if some tidal cards in the middle 
of a month are mixed up, they will still be processed correctly. 


Output: The output consists of a self-explanatory 
listing and printer-plot, and cards. 


On the plot, the symbol 0 indicates the coincidence of two 
plotting symbols. The cards give the times and the elevations 
(adjusted, if necessary) of the tide and the time differences 
between the tide and the lunar transit. 


Operator's instruction: Use 11 x 15 paper, one ply. 
Put scratch tape on LUN #56. 
NOTE: The differences for the first day of record and for 


the first day after a break in the tidal record 
should be checked carefully. 
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INTRODUCTION 


Two computer programs have been written, Program G20607 for 
the analysis of 19 years of continuous records of time and height of tidal 
highs and lows, and Program G20618 for the analysis of 19 years of 
discontinuous records (at least six months of continuous records are needed 
each summer). Both programs are written in Fortran IV language for the 
CDC-3100 computer owned by the Department of Energy, Mines and 
Resources, Ottawa. The running times are 20 minutes for both the 
continuous and discontinuous programs. 


THESTIDA TARE CORDS 


Nineteen years of daily records occupy anywhere from 4000 to 7000 
IBM. cards, depending on the size of the gap in the data‘each winter. For 
each station being analyzed, the data are checked for sequence and . 
sufficiency using a small auxiliary program (G20618B). If only a few extra 
days are needed to make sufficient data for a discontinuous analysis, these _ 
records are extrapolated by hand and added to the data. Then the data are 
transierreéed to magneétic tape.(in cand mmacey form euiginge Ogu ates 2 an 
the IBM 1401 computer), and the tape obtained is used as input to the 
appropriate analysis program. 


COMPARISON OF |THE TAW@ PROGRAMS 


The bulk of the computing time used by the analysis programs is 
taken up in accumulating the right hand sides of the normal equations, which 
are sums of the form 


Cie p> bhp 208 io 


Mos = y; Sue ie 
where.y represents an observed, time, diiference or) height ofantextreniums, 


The 3100 comptutereis quite fastlat fixed point arithmetic operations, 
but does not possess the equipment needed to perform floating point 
operations quickly. To take advantage of this situation in the continuous 
program, we initially set up fixed point tables of cos je jand sin jo, 7 Gas 
59, for each frequencyo. Using these tables, partial sums ofc ancjeeare 
accumulated successively in fixed point locations. Thus, floating point and 
trigonometric operations are only required every sixtieth step of the 
summing process, when the partial sums need to be phased into the grand 
totals of c ands... Im therdiscontinueus’ program, the sines and cosines sane 
obtained on successive days using the sin/cos recurrence relations with the 
initial day analyzed of each year as base. The c ands vectors are 
accumulated directly in fixed point locations. 
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The two normal matrices corresponding to the continuous analysis 
had been pre-computed, triangularized and punched on IBM cards. The 
continuous program transforms the c and s vectors into least squares 
coefficients by reading these matrices in a row at a time and performing 
matrix-vector multiplication. The normal matrices were not available for 
the discontinuous case, and here the normal equations are generated and 
solved (by Gaussian Elimination) by the analysis program itself. 


The continuous program reads through the data only once, to 
accumulate c ands. However, the discontinuous program must read it 
twice, the first time to determine the first and last dates to be used in the 
analysis each year, and the second time to accumulate c and s. 


The detailed'operating instructions for the programs are given in 
the following sections. The decks and listings are on file in the 
Oceanographic Research Division. 

ROUTINES REQUIRED - CONTINUOUS ANALYSIS 
NAL E OLD 
PROGRAM G20607 (Mainline) 


— 


) 

2) SUBROUTINE CDAY 
3) SUBROUTINE DMY 

4) SUBROUTINE SUBI 

5) SUBROUTINE RDMUL 
6) FUNCTION ARCTAN 


ROUTINES REQUIRED - DISCONTINUOUS ANALYSIS 


1) PROGRAM G20618 (Mainline) 
2) SUBROUTINE CDAY 

3) SUBROUTINE DMY 

4) SUBROUTINE SOLVE 

5) FUNCTION ARCTAN 

6) FUNCTION QUOT 


PARE DATTA 

The tape data consist of nineteen or more years of daily extrema 
reConds in.card image form on tape ‘unit 01)’ There-are four or less tidal 
extremums 'per,day,.and the cards,are set up-as: follows: 


Column Entry 
M The letter T 
Z, The indieater Ce aimiumber fromidl ta 8 
4-7 Station number 
9-15 Day; omonthy year (2. digits) 
16~55 Four sets of time (hours and minutes) and height 
(feet to one decimal) of tidal extremum 
56-71 Four sets of time difference (minutes) between the 


extremum and lunar transit. 


110 
FORMAT (Al, Il, 1X, A4, 13, 13, 12, 4(15, F5. 1), 414) 


If less than four extrema occur on any day, the remaining 
fields for time, height and time difference are filled in with 9999, 99.9 
and 999 respectively. 


The ''C'’ connected with an extremum indicates whether the 
extremum is a high or a low water and whether the lunar transit used in 
computing time difference is an upper or lower transit. The ''C'' on each 
data card is connected with the first extremum on that card. For 
successive extrema at any station, C will go through the cycle 12341234.. 
(or 87658765...). C is defined in the tables below. 


C Water Tran. C Water fran, 

1 Low Upper 8 High Lower 
Zz High Upper 7 Low Lower 
3 Low Lower 6 High Upper 
4 High Lower 5 Low Upper 


CARD DATA 
The card data consist of: 


1) One card containing the day, month and year on which to start the 
analysis. FF OR MUAT (02, SL, Aae chee) 


2) One’ card containing-sy7'* 428) po Api No Ah, “NG, AN SOR Mae 
(8F10.7). The zero subscripted symbols are the values of s,p,h 
and N' at OOhrs 01/01/1940. The deltas are the rates of increase 
per 365.00 days. 


3) One card for each constituent in the analysis, including the constant 
term,. Each card contains: 
(i) Constituent number (from 0 to 44) 
(ii) Frequency o in cycles per lunar day 
(iii) The astronomical arguments I1, 12, 13, 14, 


FORMAT (1250 2 152.105 ¢ 4X, 2452) 
4) One card with cols 1-2 = 99. 


5) These cards are required for the continuous analysis only and 
consist of: 

(i) The trangularized 45 X 45 matrix used for 
determining the cosine least square coefficients, 
row by row, four elements per card. FORMAT 
(4E18. 8) 

(ii) The corresponding 44 X 44 sine matrix in the 
same format. 
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CONTINUOUS ANALYSIS - PROGRAMMED DATA CHECKS 
Eee YE VAT SEO KS 


1) As each daily observation card is read, its date (cols 9-15) is 
checked for sequence. If an error is found, the following message 
is printed and the program continues on. 

"ERROR IN SOLAR DAY COUNT, DATES ARK Ao 


2) Times of successive lunar transits should differ by about: 1 2 hr's, 
25 min. A leeway of 30 minutes is allowed and if an error oceurs, 
the following message is printed and the program continues on. 
PER ROK IN LUNAR“DAY COUNT, DATEIS XX xx xx" 


DISCONTINUOUS ANALYSIS - PROGRAMMED DATA CHECKS 


1) The beginning and ending dates of the continuous blocks of data 
available each year are printed out. This provides a check on the 
sequence of the data by date, as well as showing how much data is 
available. 


2) As in the continuous case, the lunar transit times are checked. 
The heights are checked for high-low-high-low... sequence. The 
indicator ''C'' on each card is checked for sequence. 


There are three possible error messages here: 


SEQUBNCE, CHECK ON TRANSITS. Cc DD ig WEI yoy, 
SEQUENCE CHECK ON HEIGHTS. C TID eo Cid 
SL WUIENCE GHECK ON C, C DID. VENER. Mak, 


The symbols ''C DD MM YY" represent the values of C and the day 
month and year where the error occurred. The program continues on after 


printing an error message.., 


3) If there is not enough data to perform a discontinuous analysis, the 
following message is printed and the program stops. 
Wilt FIRST C =X, "ONDY XXX - FULLY EBUNAR DAYS AVAIL 
pw Y Sls NOT POSSIS LE. 


Pra Te Dp OUTPUT? 


The frequency and astronomical arguments connected with each 
constituent are printed out just as they are read in. 


Eight variables are analyzed in these programs; namely height and 
time difference for each of the four types of extrema (corresponding to C = 
1, 2, 3,4). For each of these variables the amplitude and phase of each 
constituent is printed out. Along with this are printed out the times of the 
two lunar transits on the middle day of analysis, and''T"', ''C" and station 
number picked off the first daily record used in the analysis. 
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In the discontinuous analysis, tables giving the first and last dates 
of the data available, and the first and last dates used each year are also 
printed out. 


Table 7 shows a sample printout from the discontinuous analysis. 


PUNCHE DIGAR D.OUTEUT 


1) The punched card output consists of one card containing the 


following: 

Gol; Format Entry 

1 Al Whe.tetter 2" 

2 i The indicator C from first data card 
4-7 A4 Station number 
11-12 12 Hour. si. 
13-14 TZ Minutes Time of First Lunar 
21222 i Day Transit on Middle 
23-24 ae Month Lunar Day. 
25-26 TZ Year 
Se Sia iz Hours 
33-34 bZ Minutes Time of Second Lunar 
41-42 We Day Transit on Middle 
43-44 I2 Month Lunar Day. 
45-46 IZ Year 


2). wAwaarsof cards for each constiment anatyzed, 


The first card of each pair contains the constituent number, the 
four pairs of amplitude and phase lag corresponding to the left half of the 
printed.output. andia i in eo 480; 


FORMAT AT2) F8Aks 8 OA ere TPO Pal BOr LAE bel Bee moreso) 


The second card of each pair contains the constituent number, the 
eight values from the righthalf of the printed output and the number ''2" in 
col. 80. The format is identical. 
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Table 7. A sample output in four parts of the 19 year discontinuous 


analysis. 


19 YEAR DISCONTINUOUS ANALYSTS 


SO OS/YEAR Hn 
04750300 13.3594023 o/764?7?00 
NO. SIGMA BE Res Ta ava 
0 0) () () 9) (@) 
3 00950771437 O02 =2°010 
4 e0056677466 () @ 0) () 
5 09327162254 ese 0) 0 
6 © 0325232652785 ea enon TAR) 
if 00374114225 l i tad tee th 
8 20375636722 LO = 12 SG, 
9 01377317239 ] () Cee =a 
10 0 I937TBK39737 l () 0 (0) 
Wel 9380 3F2234 It 0) 0) ] 
Le 014323214188 il e =) 0 
13 20650739570 2-4 eh () 
14 06772663275 2-3 0) 0 
iS 2696994795] 0 Cue 2 0, Tl 
16 00701002007 a ie 0) a) 
le? en OL Fe 4505 Al -? 0) 1 
18 ©07047050A1 co al 0 
Ws) Poe 45 22 8G 
20 00754476459 2 0 -) 0 
(eal 07 S61 56976 OLS 9 Wk “Ea 
22a o07T5TAT9473 ie () (0) 0) 
Fae! 09759700304 2 0 0) I 
24 2 lL N263467297 3 -4 1 0) 
25 01048799997 St By oa} 0) 
26 POON eae 3 ee ee 
at 1076638729 3°-? -1 0) 
28 SUM eNO eon By ys Eo) ] 
29 el N79R4) 744 Se 0 0) 
30 21083044758 3 °-? } () 
31 + 1126910167 Bie BOL Bye 
ae Ss OOS 3 Qn) () 
38 es ls66o282 4 -5 0) 0) 
34 ol 402004014 4 Oe) 
35 2145227545? 4 =P -?2 0 
36 0) 45864R148R0 4 -? 0) 0) 
Bie 0 15153258946 4 0 0) Q 
38 1727369300 Seta ie) 6) 
39 etl TO4) (37 5 -4 -] 0 
40 -) 780843751 Sy A oy ib) 
4) eo 2 MAO 2 5 -2 -1 () 
42 02103006027 Chapa, 10) 
43 22159683487 6-4 0 .0 
44 22804008030 Baa oo 0) a0 


DH/YEAR 
°9993369 


PO 
°4496700 


DP/YFAR 
Py ete yeass I} 


Ne 
°4290300 


DN/SYEAR 
60536894 
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Table 7 (cont.) 


19 YEAR DISCONTINUOUS ANALYSIS T 1290 BLOCKS OF CONTINUOUS DATA AVAILABLE 
ay es Vinten ca ere Ee C DATE ~ °° 7 "TRANSIT TIMES(LUN.DYS) “OIFF | a 
Ver Plein a7 eS SO Om peer Denti as | OF) TOT 1A6.5) imite 186. Shes 
2 1 LS / 36a) T0l5 fe la hl Aer 0.99" TOU LATs99T Nets 188.08 oN 
3 3226473. TO 4 OAT ARTZ a7 , =hoSl TO. Vos eae er Paya 
Bi I 267 (47 38g ay. V CROLL oe “4.02 7. 107 BLOSeO le parece, 197s Ce ee 
areas 3 | 5/ S7A9 ANG” 2° 15701739 565) 7 iGO! “LOPAOUTSCee LAT eo 
ee 6 SNS FGON TOM hee! TAZ eee PIGE POH Se APSE 59 a8, 194047 
7 L267 4741) “WFO °-92 LS 7a17al 3,006 TOR LOMOatseN Si, 197 eee 
Kath ake LAPS a2 SIO 2 TOF Fee 3.99" "TOPTIVWORROTIE ar Aes ar ae ae 
9 SoS Ye SLAG 46 eo” ACTS 7 Mae 8.51;. TO. 166651) 188.00- 
10 ~ 4 29/7 4744 TO 4 17/11744 4.52 TO 199.48 : 194.97 ee 
see ey ea 4748 Woe! By as /viges: wa hal Oe" y98sa8 “201. oe 
2 3 22/7 4/46 TO 2. YS7V1746 -0 251 TO LOG 08 math, 1 9Se oe eee 
LS Scene Las 147 TO 2: Ibs sa 5452 TO vied soo ee ee 
14 Svea 48 TO 2 ATLAS Sijc fOe 20eePR peril 20a. . 
1S) 0 4 ets eye Te. VS" Sie WB2Nt Se 20 R097 Kial. 20). eee 
SIGs A OREO REED ele Coe Al Zen 6.495 TOS Bods Serre 97 
17 PHA RAY ST MFO OTA DISA 7S) Bist Bile TO. TROSEROI ies 0) ellen eens 
sonia: Lie 4452 0) fOr au Vain ee 5 {001+ WOE 2Oas OT rs :—“\oos nee = 
mene 8 le-des 17s3), Fo. PRS yis2 “Goo tok aenghes ny gc eee 


BLOCKS OF DATA USED EACH YEAR 


} 1224 ef S/is5 TO 848 Al Ny Leis) 
2 1950 MOAR S35 190) 1740 GAYA 35 
3 407 HOS, SAAT TO) 2330 MAYERS 
4 Sats) Of, 5/38 TO 333 Bloat 
5 C046 ey SVB) TO a) TN ES 
6 440 The Sy) TO Si 4/11/49 
vl, 1208 (ys | Sy //E5 TO oan, BH 7 4d 
8 AS Sw Nef 10: EeYe La Ne Ata 
9 442 yA SALES TO Ze SAYINGS 
16 1358 Bf D/44 1a, 930 2/\1744 
1 2040 ES B/S &5 TO 1900 Ae. 
WA Saye aap Sy EXE TO 28 MAL V/A 
13 142) A SV; 1) 925 SPAM gas 0 
14 (ON ENS) | JOD) Cypetss TO 1536 79/10/48 
rS S24 297 VE/49 TO WATE ROW Nae, 
16 I342 Cas 4750 0) MOE 28/10/50 
Nee CEG DA La ASN TO L826 es 2 G7 OAS 
18 549 267, 47 5a TO PEO 26/7 o7sic 


19 SOT xeS7:47 53 TO 1010 25/10/53 
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1, INTRODUCTION 


It is the intention to provide in this work a description of the distribution of 
certain of the physical features and properties of the water of Hudson Bay, and to 
remark on the more important processes which likely determine these distributions. 
The region is still only imperfectly known so that much of the discussion regarding 
processes is based on experience and understanding gained in study of other regions, 
both coastal and oceanic. It is to be expected however that Hudson Bay would exhibit 
features quite unique, for it is notable not only for a general shallowness relative to 
the total area, but also for the continental location, the existence of a winter ice cover, 
and the marked amplification, in certain areas, of the oceanic tide. The integrated 
effect of these and other conditions leads to the observed features out of which under- 
standing evolves. At present this is mainly qualitative and, in some important aspects, 
also speculative. 


As is apparent from the description in later sections, differences of density 
under most conditions occurring in Hudson Bay are determined by differences of 
salinity; temperature plays a secondary role as the range is relatively small. Also 
the lower limit of the range is frequently close to the freezing point. This provides a 
partial filter with respect to certain data in that their correctness is suspect if they 
are much below the freezing point. An example is the temperature data reported by 
Hachey (1931a), which include a number of unrealistically low values. 


Hachey (1931a) provided a summary of the expeditions and workers in Hudson 
Bay prior to the 1930 Hudson Bay Fisheries Expedition in 'Loubyrne" (Hachey, 1931b), 
and remarked therein, "the first known attempt to determine the water temperatures 
and densities at the various depths was made by Beauchemin in 1929". In this, stations 
were occupied in Hudson Strait, in Hudson Bay along the route to the port of Churchill, 
and in Churchill Harbour. A generally similar series of observations was made in the 
navigation season of each of the years 1930 and 1931; the data for the three years have 
been reported (Anon., 1931a; 1931b; 1932), and the vessel in which the surveys were 
conducted, the "Acadia", has been described (Anon. , 1964c). 


Examination of the above reports and the relevant field books, as well as 
discussions with Mr. J. A. Deveault, who was a member of the "Acadia" survey staff 
during each of the three seasons and who participated in the sampling program, 
have indicated that two protected thermometers were attached to each reversing bottle, 
and that a cast consisted of a lowering of one bottle. 


"---- the ship was equipped with the latest pattern of Nansen Stopcock 
reversing deep-sea water bottles of 1 1/2 litre capacity, each bottle 
being equipped with two Negretti and Zambra reversing deep-sea 
thermometers, registering from -2 to 25° Centigrade: each thermo- 
meter bearing a certificate from the National Physical Testing 
Laboratory. Negretti and Zambra hydrometers were used to obtain 
the densities, the usual practice at 60° Fahrenheit being closely 
followed." (from Anon., 193la, p. 112). 


Table I, A tabulation of the available material, much of which was examined in 
the preparation of this work, indicating the year obtained, name of ship, Canadian 
Reference Number, and at least one reference. Most of the material is available 
in the records of the Canadian Oceanographic Data Centre and is listed in the 
CODC index (Anon., 1965, a). An asterisk in the last column indicates that the 


publication is a data report or contains data in tabular form. 


Year_ iL sopbott BRAD sh rewtedt & CRN 
1929 "Acadia" 24 
1930 " Loubyrne" 29 
1930 "Acadia" 32 
1931 do 35 
1948 "Haida" 100 
1953 "Calanus" 193 
1954 ‘do 186 
1955 "Labrador" : 203 
1956 do 211 
1956 do 219 
1955 "Calanus" wee 
1958 do i, 
1958 do 320 
1959 do 321 
1959 ' Labrador" 323 
1961 "Calanus" 354 
1961 — "Theta" 337 
1962 "John A. MacDonald" 359 


Reference 
Anon: 19314,/a* 
Hachey, 1931, a* 
Anon,, 1931, b* 
Anon, , 1932* 
Bailey et al. 1951 

and 
Dunbar, 1958* 
Grainger et al, 1956 
do 
Campbell, 1959 

do 

do 
Grainger et al. 1959 

do 
Grainger, 1960* 


do 


Anon. , 1964, b* 
Anon., 1964, a* 


Anon. , 1966* 


In the available records only the corrected value for each thermometer ig 
shown so that it was not possible to check the corrections to the temperature data, but 
the material does appear to be free of values which, at the present level of our under- 
standing of the region, might be considered anomalous*. The distribution of temperature 
at 75m depth as obtained from these observations is shown in a figure and discussed 
here in the appropriate section; the density values have not been utilized, Also it 
appears that two samples were drawn from each water bottle and carefully stored for 
analysis ashore which was to include some form of chemical determination. No record 
of this has been found, 


With regard to the work of "Acadia" mention should be made of a program 
of drift-bottle releases during the autumn of 1929 on the return voyage between 
Churchill and eastern Hudson Strait (Anon. , 1931a). Eighteen bottles were released 
but there is no record of any returns (Dr. H.B. Hachey, personal communication). 


The first determination of the salinity of the water of Hudson Bay was that 
reported by Hachey (1931a) in a discussion of the 'Loubyrne" data. This indicated a 
relatively low level of salinity generally, which in part led Bailey et al. (1951) toa 
comparison with the 1948 ''Haida" observations and to conjecture concerning an 
increase in the influence of Atlantic water in Hudson Bay. The data utilized in the 
present work include those obtained in the vessels mentioned above as well as those 
obtained in the vessels listed in Table I. With regard to sub-surface temperature 
and salinity data obtained through shipborne survey, it is believed that the listing is 
complete. 


A useful group of observations in Hudson Bay is that carried out in "Calanus"; 
the extent of these observations to 1958 has been described in three station lists 
(Grainger, 1954; Grainger et al., 1956; 1959), and a summary of the available results 
to 1955 was provided by Dunbar (1956). Extensive observations in more northerly 
portions of the system including Hudson Strait were made in 1955, 1956, and 1959 in 
the icebreaker "Labrador". Part of this material has been utilized in a number of 
reports including those of Campbell et al. (1956; 1958) and Campbell (1958; 1959; 1964). 


Most of the observations described here were made in 1961 in the motor 
vessels "'Calanus" and "Theta" and in 1962 in the Department of Transport icebreaker 
"John A. MacDonald". The program of '"Calanus" and "Theta" included observations 
for biological, geological, and geophysical as well as physical oceanographic obser- 
vations. The latter have been reported in data record form (Anon., 1964a; b), atlas 
form (Barber et al., 1964), and discussions of most of the other observations have 
been given by Grainger (1963), Hood (1964; 1966), Leslie (1963; 1964; 1965), Leslie 
et al. (1965), and Barber (in review). The survey of 1962 comprised one of the most 
wide-ranging shipborne surveys conducted in the Canadian Arctic in one season. 
Stations were occupied from McClure Strait on the west to Nansen Sound in the north 


*The cold water (to -1.8°C) to 541m noted at "Acadia" station 19 on October 30, 1929 
in eastern Hudson Strait is of interest as no other such occurrence has been recorded 
although a number of stations have been occupied since. 


as well as in Hudson Strait and in Hudson Bay where a number of the positions occupied 
in 1961 were re-occupied, The material has been reported (Anon. , 1966), 


The general paucity of observations at times other than the navigation season 
is to be recognized and comprises a serious limitation to study of the region. An 
attempt to predict the probable winter surface salinity within the Hudson Bay-Foxe 
Basin system is made here in the discussion where the few known observations which 
have been made from ice cover are utilized. Elsewhere in this work similar attempts 
to extend available data are made in order that frequently used methods of oceanography 
might be applied, occasionally to obtain a quantitative result. This is sufficient reason 
for their inclusion, but it may be that Hudson Bay provides a situation similar to the 
Arctic Sea in that it is particularly attractive to the oceanographer for such calculation 
and deduction (Pickard, 1964, p. 152). The limits imposed on this by the author are 
believed to have been realistic. 


It may also be mentioned that the author's "local'' knowledge is not intimate, 
and is based mainly on the experience gained on the survey of 1961 in ''Theta". 
Usually this need not be more than a minor hindrance, but as Hudson Bay remains less 
than well-known there exists a significant probability that an important feature could 
be overlooked. Information and advice in publications, including charts and Pilots 
of the Canadian Hydrographic Service reduced this considerably and, in addition, 
provided background material essential for the work. 


2. DESCRIPTION OF THE DISTRIBUTION OF PROPERTIES 


_ A pictorial presentation or atlas of the distribution of temperature, salinity, 
and dissolved oxygen observed in 1961 has been compiled by Barber et al. (1964). As 
apparent there, and as described later here, the manner in which the ice cover 
dissipates each season can have a marked influence on near surface property levels, 
particularly those of temperature and salinity. The distributions of these properties 
receive emphasis here although the distribution of sigma-t*, as derived from salinity 
and temperature data, and the dissolved oxygen distribution are described also. The 
vertical distribution or structure of sigma-t follows closely that of the salinity as the 
temperature range over the depth is small, particularly away from the surface mixed 
layer. 


The probable evolution of the mixed layer in Hudson Bay is described in a 
later section and Barber (in review) provided information concerning the distribution 
*Sigma-t may be considered a specific gravity anomaly (Fofonoff,1962, p. 9) such that 

sigma-t = 103 ( pot, -1) 
where Psto is the value of the specific gravity calculated for the water sample at 


the observed or "in situ" salinity, s, and temperature, t, and at atmospheric pressure 
(see also Montgomery, 1938, p. 11). 


oi 


of the layer and the associated thermocline as observed in August, 1961. At that time 
a well-defined layer occurred over most of the region; in the central portion depths 

up to 20m and thermoclines with intensities in excess of 6C°/25m were observed. 
Bathythermograph observations during the period September 14 to 29, 1962 in "John 

A. MacDonald" indicate the existence across the central region of layer depths to 30m 
with temperatures to 5°C and very well-defined thermoclines. The layer depth and 
thermocline structure then becomes a marked feature of the late summer and early 
autumn temperature distribution in the near surface in the absence of ice. Earlier in 
summer, in July, surface temperatures (Fig. 1, a) in some areas were relatively high, 
up to 11°C, while close to an ice cover values close to the freezing point were observed. 
Other features of the layer depth and thermocline at this time are indicated in Figure 

1, b, c (a re-presentation of these July data is made later in terms of seasonal heat 
storage). The thermocline frequently extended to the surface, so that a layer depth 

did not exist or was shallow or ill-defined. In the north central region depths to 10m 
are indicated. 


With the exception of the areas of strong tidal mixing the features associated 
with the seasonal thermocline, the surface temperature, layer depth, and thermocline 
intensity, directly reflect the amount of heat absorbed at the surface during the heating 
of summer. In Hudson Bay this is largely determined by the duration of the ice cover 
of the previous winter. Accompanying the absorption is a downward mixing of the heat 
which results in the generally observed layer depth in which the water is isothermal 
and isohaline. The downward mixing can be inhibited through the existence in the 
immediate surface of low salinity water. This frequently occurs close to coasts and 
in sheltered areas due to a local inflow of fresh water. The amount of heat absorbed 
may be similar to that in other areas but as its depth distribution is less, relatively 
high temperatures are observed at the surface. 


. Here, and generally in August (Fig. 2, a) salinity values over most of the 
area were relatively low, ranging from less than 10°/00 in southern James Bay to 30°/00 
in about latitude 61°N. Values to 32°/00 were observed north of this latitude from 
Roes Welcome Sound to Hudson Strait, where a high of 32. 5°/00 was observed south of 
Nottingham Island. The gradient at the surface from north to south was generally 
similar throughout, except south and east of the Belcher Islands where a relatively 
steep gradient is indicated. This likely was caused by local inflow of fresh water in the 
region from Cape Jones to Richmond Gulf where a surface value as low as 10°/00 has 
been observed. Steep gradients likely occur as well in the vicinity of a melting ice 
cover, as suggested in the figure for the area seaward of Churchill. This was probably 
more pronounced in July (see inset i to Figure 2, a) at which time values in excess of 
32°/00 were observed ‘o the north of Churchill as well as in Roes Welcome Sound. At 
this time in the vicinity of Chesterfield Inlet surface salinities were lower than in 
August, suggesting the influence of fresh water from run-off from the inlet where a 
value of 21°/00 was observed. 


The data for August and September, 1930 described by Hachey (1931, b) 
indicate a similar overall north-south gradient, although there is a tendency toward a 
northwest-southeast gradient rather than north-south. Values in the north and north- 
west for that time appear to be less than those indicated here in Figure 2, a. These 
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Figure 1. An assessment of the ''Theta'' bathythermograph observations of July 22 
to July 31, 1961 for features of the near-surface temperature structure. 
(a) Surface temperature (°C). (b) Mixed layer depth in metres. 
(c) Thermocline intensity as represented by the temperature decrease 
(C°) in the 25m depth interval below the top of the thermocline. 


differences could reflect the influence of a recent or existing ice cover and, while 
Machey does not indicate the extent of the ice during the 1930 season, it does appear 
(Anon., 1931, c) that it may have been a light ice year, at least with respect to the 
route to Churchill, and as well "Acadia" did not encounter ice from August 2 when she 
entered Hudson Strait to her arrival at Churchill on August 17, 


Data obtained in the latter half of September in 1961 and 1962 (not shown) 
indicate the existence of a west to east gradient (isohalines north and south) across the 
central part. It seems that as the open or ice -free season progresses and the initial 
effect of the addition of fresh water from melt water decreased in relation to that of 
run-off, the gradient becomes latitudinal. Data in the north observed in September in 
1962 (see inset ii) indicate lower values than in August; a similar observation may be 
made with regard to the 1930 'Loubyrne" data, and the late October observations of 
"Labrador" (inset iii), 


The surface temperature distribution in August (Fig. 2, b) can also be domi- 
nated by the existence of an ice cover. During this month in 1961 ice occurred in the 
southwest and as a consequence temperatures only a few degrees above the freezing 
point were observed there. Across the central area values were generally greater 
than 5°C and approached 9.0°C north of Churchill. To the south values were generally 
less than 5°C except in Richmond Gulf where temperatures warmer than 17°C have 
been observed; no doubt similar high temperatures occur locally in other sheltered 
areas. Generally at this time and as described earlier a seasonal mixed layer and 
associated thermocline occurs in which temperatures in excess of 8°C have been 
recorded. Locally and particularly near the coast the usual evolution of the seasonal 
thermocline may be influenced by the addition of fresh water or by mixing due to tidal 
activity. The former leads to a shallow and stable surface layer so that relatively 
high temperatures can be attained, as in the northwest area of low surface salinity in 
July at which time temperatures reached 8°C (see inset ito Fig. 2, b). Tidal mixing 
breaks down the thermocline and distributes the heat absorbed at the surface over the 
depth so that surface values may be relatively low. This process is believed to be 
significant in the extreme northern part of the region where values were generally 
less than 5°C. In the approach to James Bay surface temperatures can remain rela- 
tively high, to 5°C (inset ii), into October, with peak values of at least 9°C (inset iii) 
occurring in late August. 


The distribution of surface temperature observed in "'Loubyrne" in 1930 
(Hachey, 1931, b) is quite different than that indicated here in Figure 2, b. Temper- 
atures were highest in the southwest and west, about 9°C, but were generally high 
throughout. As with the distribution of surface salinity, there does not appear to be 
any effect due to a recent ice cover or accumulation of ice as in the 1961 season. 


The salinity distribution at 50m (Fig. 3, a) indicates the existence of higher 
salinities at this depth than at the surface, although the main features of each are the 
same. High values, about 32. 7°/00, occurred in the north from Nottingham Island 
to Roes Welcome Sound where values approached 32. 9°/00 in a ridge or high extending 
to the southwest. Low values, about 24.0°/00, occurred in James Bay, and in the 
region of the Belcher Islands values were generally less than 30°/00. Over most of 


Figure 2. 
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Distribution of salinity and temperature at the surface from data observed 
during the open season and derived from a number of sources. The closed 
circles or dots indicate the positions at which stations were occupied, and 
where observations were generally made at the surface and intermediate 
depths to the bottom. (a) Surface salinity (°/00). The numbers in italics 
indicate the positions of the stations referred to in Figures 5 and 9. Inset 
diagram (i) is from ''Calanus" and "Theta" observations early in the 1961 
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season. Inset (ii) is from 1962 "John A. MacDonald" observations, and 
inset (iii) is based on the 1955 survey of ''Labrador". (b) Surface 
temperature (°C). The numbers in italics indicate the positions of the 
stations of Figure 4. Inset diagram (i) is from "Calanus" and "Theta" 
observations early in the 1961 season. Inset (ii) is based on 'Theta'' 
stations of October 1 to 3, 1961, and (iii) on ''Calanus' observations from 


August 26 to September 22, 1959. 
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SALINITY (°/00) 50m 
Contour interval 0.5°/oo 


Figure 3. Distribution of salinity and temperature at a depth of 50m. (a) Salinity 
(°/00). A composite presentation of data from various sources. 
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(b) Temperature (°C). An interpretation of data obtained during August. 
The inset is based on data of late September. 
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the region salinities were in excess of 32°/00, but the central area was marked by the 
existence of a cell of less than 32°/00. The presentation of Hachey (1931, b, p. 98) 
does not indicate the existence in 1980 of the ridge of high salinity or the low salinity 
cell, and again the values in the north appear less than in 1961; otherwise the configu- 
rations are quite similar. Data in the northwest were not observed in 1962, but across 
the central area a strong west to east gradient was observed with values to 33°/00 just 
north of Churchill to about 31°/00 along the east coast. 


At 50m (Fig. 3, b) the temperature was colder than -1. 2°C over most of the 
region including James Bay. Minimum values of -1.7°C were observed seaward of 
Churchill while south of the latitude of Churchill a temperature colder than -1.6°C was 
extensive over all the open region, even into the approach to James Bay. Values 
increased to the north reaching values in excess of 2.0°C in Roes Welcome Sound and 
3.0°C off northeast Coats Island but with an apparently isolated low value just south of 
Coral Harbour where a water colder than -1.4°C was observed. In the northwest the 
data are limited and somewhat contradictory; in the diagram a region of cold water, 
to -1.3°C, is indicated in the region of the high salinity ridge there of Figure 3, a. 
Otherwise, close to the coasts temperatures were generally warmer than in the central 
region. Of special interest is the region of relatively warm water off the northeast 
of Coats Island and another off Bell Peninsula which are indicated in the diagram as 
being continuous. Whether this reflects the actual situation is not clear, for as Campbell 
(1959, p. 12) indicated the currents in the region of Evans Strait are complex and 
likely exhibit considerable variation. As will be suggested, there is evidence that the 
major movement in this region is into Hudson Bay so that water adjacent to Nottingham 
Island and Foxe Channel may enter Hudson Bay. In the inset diagram to Figure 3, b, 
an observed temperature distribution at 50m in summer is presented and in which is 
indicated that probable persistent direction of water movement at the depth. 


‘Distributions observed in August in a section from southern Hudson Bay 
(station 96) through central Hudson Bay to the northeast (station 146) are presented in 
Figure 4, The seasonal thermocline and surface isothermal layer was a pronounced 
feature over most of the section, but notably not in the northeast where the isotherms 
were not concentrated in the thermocline structure.. Immediately below the thermo- 
cline temperatures were generally less than -1. 2°C and decreased to about -1.5°C at 
the bottom so that the temperature structure at depth was relatively isothermal. A 
slightly colder water occurred at intermediate depth over a portion of the section 
causing a small minimum in the structure in the area. The surface water was near 
isohaline over much of the section except in the southeast, while immediately beneath 
this a marked gradient occurred. The gradient or halocline occurred at the same 
depth as the thermocline although some salinity increase with depth continued to the 
bottom. Relatively high values were observed in mid-Hudson Bay (stations 79 and 129) 
forming a dome in the salinity and density distributions there. The dissolved oxygen 
content was close to saturation in the surface layer defined by the temperature and 
salinity. Toward the bottom of the thermocline where it existed, values increased to 
saturation corresponding to the colder temperatures, then generally decreased to the 
bottom. Relatively low values were observed below the thermocline at station 158 
which, as will be shown in the description of ea dec 5, provide a clue to the circulation 
within Hudson Bay. 
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Figure 4. Distribution with depth of the temperature, salinity, dissolved oxygen, 
and sigma-t in a section from northeast Hudson Bay through the central 
area and to the approach to James Bay, as derived from data observed in 
August, 1961. Station numbers are "Theta" 146 045 156,.168..186..079) 
129, 114, 110, 100, and 96; station locations are shown in Figure 2, b. 
Note the change of vertical scale at 100m and that dissolved oxygen data 
were not available for station 79. 
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A presentation of data obtained at about one location in Hudson Bay in the 
seasons of 1961 and 1962. The data was observed at ''Theta" stations 13 
(61°48' 82°00', July 24), 158 (61°48' 81°58', August 27), 263 (61°50' 81°56', 
October 7), and "John A. MacDonald" station 91 (61°50' 81°58', September 
16, 1962). Note the change of vertical scale at 100m and that dissolved 
oxygen determinations were not available for station 91. The location of 
the observations is shown in Figure 2, a. 
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The values at depth shown at both the north and south ends of the section are 
determined to an extent by separation due to gills or limiting depths*. The northern 
part extends into Hudson Strait where the deep water properties (at station 146) certainly 
suggests the existence of a sill, likely in the section between Nottingham Island and 
Charles Island. As mentioned in a.later section in regard to the waters of Hudson Bay 
proper, it seems likely that limiting depths do not exist in the approach to Hudson Bay. 
The situation is not clear for in addition to the general paucity of bathymetric data the 
usual interpretation of property distributions is complicated by strong tidal mixing. 
Nevertheless study of the data has led to the conclusion that in the passages between 
Southampton and Coats Island, Coats and Mansel Islands, and Mansel Island and the 
Mainland, the limiting depth is not significantly less than that indicated by available 
bathymetric data. Jn the south the depth data (Canadian Hydrographic Service chart 
no. 5003) has been interpreted as indicating a limiting depth of about 100m in the 
region southwest of the Belcher Islands to Cape Henrietta Maria. Study of the salinity 
data in the vicinity of stations 96 and 100 in the section where a maximum value at 
depth of 31. 8°/00 was observed, indicates that a limiting depth of between 50 and 75 
is more likely. The assumption is made that between the Belcher Islands and the 
mainland to the east, at least one area of limiting depth exists less than 50m. A likely 
region for such a depth is that from Tukarak Island eastward, encumbered as it is with 
islands and shoals. 


Extreme values of both temperature and salinity were observed close to the 
bottom in the northwest. In 1961 these were 33. 4°/00 and -1. 8°C. Higher salinity 
within Hudson Bay to about 33. 5°/00 has been reported for the "Haida" data of 1948 
(Bailey et al., 1951) and for the "John A. MacDonald" data of 1962. 


It is proposed now to describe the distribution of properties at one location in 
the section of Figure 4, i.e., at the location of station 158 where three stations were 
occupied in 1961 and one in 1962. The data are presented in Figure 5, Prominent in 
the observed temperature and salinity distributions in time are the halocline and 
seasonal thermocline. Below 50m the salinity distribution would be quite featureless 
were it not for the high values of 1962; further suggestion that the deep water salinity 
was relatively high at that time. The temperature data below 50m are more consistent 
and, in addition, indicate a change to a warmer water by September with a continuing 
development into October. The dissolved oxygen data also strongly suggest a change 
of water as higher values occurred throughout the depth after August. The condition 
of coldest water with least oxygen appears to have occurred in August, although 
temperatures in August were only slightly colder than in July. The low oxygen of 
August suggests a greater influence at the location of a water predominately from 
inside Hudson Bay. Conversely, the relatively warm water of high oxygen content of 
October suggests a greater influence of water from outside Hudson Bay, i.e., from 
Hudson Strait. It does not appear possible to predict with reasonable certainty the 
progression of events in the deep water at the position after October and to July. This 


*The term "limiting depth" is used to indicate situations where depth may limit the 
connection between bodies of water (Sverdrup et al., 1942, p. 147) in the same sense 
as does a sill but where a well-defined sill-basin relationship may not exist. 
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is particularly so because, 2s mentioned, the origin or source of the dominant water 
type varies in unknown fashion and as well the extent of such changes are not known 

for Hudson Bay, !iowever, that marked changes can occur as late in the year as 
November in I{udson Strait is indicated in 1955 data observed in "Labrador" to which 
Campbell (1958) drew attention. It seems then that if the influence of Hudson Strait 
water were to continue beyond October at the location of station 158, a further warming 
could be expected at least into November and perhaps even later. 


At greater distance into Hudson Bay from the position of station 158 the effect 
in the deep water becomes less discernible, and in the balance between the various 
influences receives expression in an apparent semi-permanent tongue-like distribution 
of property on any surface examined. This is indicated here in the distribution of 
temperature on a constant density surface (Fig. 6, a, b, c). The tongue comprises a 
relatively warm water extending to the west and south from the vicinity of Coats Island 
and western Hudson Strait. The September (1962) distribution indicates a warmer 
water in the tongue than occurred in July and August (1961), which is considered to 
reflect the same cyclic trend to a warmer condition late in the season described above 
for that data observed at the location of station 158 (Fig. 5). The 1961 data are 
sufficiently extensive to indicate (Fig. 6, a, b) that the tongue is bounded in the north- 
west by a partly isolated cell of colder water. This water appears to be part of a cold, 
to -1.8°C, and saline, to 33.4°/00, deep water observed in the locality in 1961, although 
the water in the cell contains less oxygen. The 1962 data do not provide information 
in the area of the observed cell but do indicate that the cold and saline deep water 
existed, but perhaps further to the southwest. The low temperature of this water 
suggests that it is a product of winter influences, probably occurring further to the north 
within the system. The envisaged mechanism of formation of the water is described 
later, but it is to be recognized now that such a water may not be widespread* in the 
north late in the season. Here in September (Fig. 6, c) the temperature on the density 
surface attained 0.7°C at least and was warmer than -1.0°C to the bottom (not shown). 
As interpreted in the figure it is processes in this area which contribute most of the 
warm water to the tongue. 


The orientation of the tongue, and of the coid cell, suggests that the predominant 
water movement into Hudson Bay occurs there in the northwest, and that the subsequent 
movement is an anticlockwise one, at least in that part unrestricted by limiting depth. 
The general distribution of dissolved oxygen supports this, for values in the north and 
west are higher than those in the east and south. This is illustrated in Figure 7 in 
which is presented the distribution onthe surface of constant density as observed in 
August, 1961. Lowest values, less than 5ml1/1, were observed off Smith Island and 
eastward of the central shoal. It is conceivable that the latter area with depths as 
shallow as 30m could contribute to the observed depletion through an increased biological 
utilization associated with the shoal, and through a general restriction of water move- 
ment downstream of the shoal. However, the general depletion over the eastern part 


*The ''Labrador" data of 1955 and 1956 indicate the existence of such a water in Foxe 
Channel (Campbell, 1964), as do the two "Theta" stations 151 and 152 occupied in 
extreme southern Foxe Channel in 1961 at which time values to -1. 68°C were observed. 


DISSOLVED OXYGEN (ml/I) 
on SIGMA-t 26.4 
Contour interval 0.5 ml/I 


re PUDTORRAPH TOT 62 CHO MCKES) — 


Figure 7. A composite distribution of dissolved oxygen in millilitres per litre on the 
sigma-t surface 26.4 made up from data observed in the season of 1961 in 
"Calanus" and "Theta". Indicated is the approximate area of the central 
shoal of depth less than 100m (from Canadian Hydrographic Service chart 
5449), 
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of Hudson Bay must occur through consumption, and the observation above that the 
oxygen distribution supports the envisaged water movement invloves an assumption 
concerning the consumption, as well as the replenishment of dissolved oxygen, over 
the region. Furthermore the data indicate that throughout Hudson Strait the oxygen 
values are always high, close to saturation, due apparently to the intense tidal mixing 
there. Significant depletion would therefore be observed only in [Judson Bay. Such 
consideration has led to an evaluation of the residence time or age of the water in 
liudson Bay (Barber, in review), and to a consideration in later section of the extent 
to which deeper water is re-circulated within Hudson Bay. In this regard the cell of 
water to 6.5 ml/1 (Fig. 7) need not have been shown as being isolated, but was as there 
existed a fairly strong indication in the data that a situation approaching this occurred. 
It is coincident with a trough in the distribution of depth of the density surface (Fig. 6, 
d), which in turn suggests a partial recurving to the north of an inward movement 
already indicated. 


3. FACTORS WHICH DETERMINE THE DISTRIBUTIONS 


The distribution of properties within a given body of water is determined by a 
number of factors; some operate locally, others at a considerable distance. Experience 
indicates that apart from a surface layer in which seasonal events are observed the 
property distributions are relatively unchanged with time. This has been shown to be 
generally true in oceanic areas and comprises one of a number of major assumptions 
frequently made in oceanic survey and description. In Hudson Bay it is likely that the 
assumption of a steady state may hold over an extended period, i.e., for a year, 
although there is evidence that the salinity and temperature of the deep water vary 
within small but significant limits from year to year. With regard to Hudson Bay the 
factors include the distribution of depth and current throughout the area and in the 
connecting channels, the interaction at the surface between the atmosphere and the 
sea, and the resultant water movement and ice formation, and the influence of fresh 
water from land drainage and from precipitation. Within the system and in local areas, 
factors such as tides and tidal streams, and winds can be important. 


In the situation relative to Hudson Bay and-in the oceanographic context, it is 
frequently possible to recognize the effect of these influences simultaneously in adjacent 
areas such as James Bay, Foxe Basin, Fury and Hecla Strait, and Hudson Strait. In 
consideration of this, occasional reference is made in the following to the ''Hudson 
Bay-Foxe Basin system", or more simply to "the system", to include all of the afore- 
mentioned regions. 


3.1 Net current and depth 


The waters of Hudson Bay with James Bay and Foxe Basin are connected to 
the waters of the Arctic archipelago and Atlantic Ocean through Fury and Hecla Strait 
and Hudson Strait respectively. Information concerning the nature of the water move- 
ment in Fury and Hecla Strait is fragmentary, but it appears that superimposed on a | 
net eastward transport of about 0.05 to 0.1 x 106m3/sec, a variation of speed occurs 
with tidal period. Collin (1958) reviewed available information and concluded that 
variations in the net transport would likely occur in response to meteorological effects, 
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An interpretation of the distribution of 
depth in Hudson Bay and approaches de- 
rived from information published by the 
Canadian Hydrographic Service. It may 
be noted that the contour interval utilized 
is not the same for each presentation. (a) 
Northeast Hudson Bay from charts number 
5449 and 5450. (b) Hudson Bay and James 
Bay from charts number 5008 and 5449. 
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and Barber (1965) suggested that heat gained in Foxe Basin may move to the westward 
in Fury and Hecla Strait as a secondary effect of the tide. In the longer term it is not 
clear to what extent the observed net eastward movement into Foxe Basin may be 
significant. A limiting depth of about 60m appears to exist in Foxe Basin just to the 
south and east of Fury and Hecla Strait and on this account it is concluded that the 
contribution to the system must be limited to surface water. It is conceivable* that 
the volume contribution is significant, certainly to Foxe Basin, but a realistic 
assessment must await further data and study. 


This would include the volume of water and ice and the temperature and salinity 
of each. The transported water would constitute a meridional movement from north 
to south so that it likely represents a loss of heat. As well, the net ice movement, if 
significant, is likely into Foxe Basin, which when it melts would comprise a loss of 
heat to the system. 


The situation with regard to Hudson Strait on the other hand is quite significantly 
different, for relative to the water of Hudson Bay a limiting depth does not appear to 
exist within Hudson Strait. The water of Hudson Bay then may be said to be freely 
connected to the water of the northwest North Atlantic. Depth data are limited how- 
ever, particularly in the section including Charles, Salisbury, Mill, and Baffin Islands, 
(Fig. 8, a), where it seems certain that a sill does exist relative to the very deep 
water south of Nottingham Island. A depth of about 200m appears to exist between 
Coats and Mansell Islands (Fig. 8, b). 


Within Hudson Bay, and particularly in the Belcher Island area, some 
restriction does occur because of limiting depths with, as has been shown, quite 
distinct oceanographic consequence. Eastward of the Ottawa Islands a maximum depth 
of about 140m occurs but the limiting depth in either direction around the islands is 
not considered to be significant. A large area exists to the westward of the Ottawa 
Islands where bathymetric data are even fewer than elsewhere in the Bay. Here, and 
about the area of the central shoal, considerable doubt exists concerning the actual 
situation. In certain local areas, such as Richardson Gulf, Omarolluk Sound, and 
Chesterfield Inlet, restriction due partly to limiting depths has a marked effect on 
property levels there; Grainger (1960) described Richardson Gulf and Johnson (1965) 
remarked on the situation which exists in Baker Lake at the head of Chesterfield Inlet. 


In Roes Welcome Sound the limiting depth is estimated as 53m. 


Because of the free connection to the North Atlantic provided by Hudson 
Strait the currents anu water movement in the latter are of considerable significance. 
A series of direct observations in the 1959 season in a section across the strait from 
Wales Island to Big Island have been reported (Anon., 1960), and Farquharson et al. , 
(1960) described the observations. In this it was shown that a dominant movement 
into the system occurred at the surface along the northern side of the strait and at 


*For example, the rate of 0.1 x 108m3/sec over a year represents 1/10 of the volume 
of a surface layer 50m deep over the entire Hudson Bay-Foxe Basin system. 
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depth, while a movement out of the system occurred along the southern shore at the 
surface and to relatively shallow depth. The marked currents in and out of the system 
are likely the result of the input of fresh water within the system, and the consequent 
mixing of the fresh water with the underlying seawater. Due to the mixing and with 
certain usual assumptions it is possible to show (see section on fresh water) that the 
volume of the inflow should be at least 10 times that of the fresh water content of the 
surface outflow. Due to the rotation of the earth the outflow takes place along the 
southern boundary of the strait and the inflow along the northern boundary. 


3.2 Tidal streams and tidal mixing 


The tidal streams in Hudson Strait and adjacent parts of Hudson Bay have 
been described as "strong" (Anon. , 1954, p. 11), although few direct measurements 
are available. In the eastern approach to Hudson Strait a strength of 5 knots occurs 
(Anon., 1954, p. 12) and speeds to 1.5 knots have been reported (Anon. , 1960) in the 
section Big Island to Wales Island. Here five positions were occupied in the 1959 
season and at each, observations were made at a number of depths to a maximum of 
330m; the amplitude of tidal streams varied from 0.5 to 1.0 knot. Close to Big Island 
along the north coast (station F) rates in excess of 1 knot were measured at a number 
of depths to 290m. Other oceanographic data observed at this position have been 
utilized (Farquharson, et al., 1960) to indicate the strong mixing effect of these 
streams. In the western approach, in Foxe Channel, intense turbulence due to tidal 
streams has been reported (Campbell, 1959, p. 14), and in Digges Sound strengths to 
2.5 knots are frequent (Anon., 1954, p. 12). In the section north of Digges Sound 
including Nottingham, Salisbury, and Mill Islands, the tidal streams have been 
described as "swift" (Anon. , 1954, p. 260), and itis remarked that ''there are tide- 
rips and overfalls in the channel separating Salisbury and Nottingham Islands" (Anon. , 
1954, p. 261). In Frozen Strait strengths to 3 knots occur (Anon. , 1959, p. 73), and 
in Roes Welcome Sound streams are generally strong (Anon. , 1959, p. 52) and are 
thought to continue so southward to the region between the Bay of Gods Mercy and the 
shore of Hudson Bay to the west. Suspected strong streams in this vicinity led to the 
occupation there of "Theta" station number 166 at which photographs of the sea floor 
were obtained. Conspicuous in many of the exposures, as in the four reproduced in 
the Plate, is the bottom attached animal* which appears to be quite strongly oriented 
away from the vertical. This is thought to be due to water movement at the depth. 


In these localities strong turbulence accompanies the tidal streams and mixing 
results throughout the depth. Changes of water property occurring at the surface are 
soon followed by changes in the same direction at depth. Similarly the properties of 
a water moving into a region either at the surface or at depth become redistributed; 


*Dr. E.H. Grainger has advised that the animal "appears to be an echinoderm, class 
Crinoidea, and.... probably Heliometra glacialis (Leach), a widely distributed form 
in the Arctic, including Hudson Bay.'"' The animal is usually anchored to the bottom 
but, while the orientation of the animals in one exposure appear to be the same and 
likely due to current, it is not certain whether they would lean away from or against 
a current (but see caption to the Plate). 
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Plate 


A reproduction of four of the exposures at "Theta" station 166 (see Fig. 3, a 
for location) on August 29, 1961 depth 88m using a type of equipment and a 
technique described be Edgerton (1964), The side-by-side mounts are the 
result of simultaneous exposure of film in two side-by-side mounted cameras. 
The object partly visible in the upper right of the lower right exposure is a 
magnetic compass mounted on a strut below the camera assembly. Early in 
the sequence the strut touched the sea-floor and as a result a direction could 
not generally be obtained from the compass. However, later in the sequence 
some data are possible and from this it has been estimated that the animals 
described in the text are oriented 130-310° True. The state of the tide at this 
time at Chesterfield Inlet was about three hours after low water so that it may 
be anticipated that the observed water movement was one related to the flood 

at the locality. This deduction coupled with the information in the Pilot (Anon. , 
1954, p. 271) to the effect that the flood sets into Roes Welcome Sound suggests 
that the animals were oriented so as to lie with the current rather than into it. 


Table II. A listing of the date of drift bottle releases and the quantities released 
and recovered,from Hachey (1935). 


Lot Date Released Recovered Per cent 
1 Aug. 6, 1930 102 none 0.0 
2 Aug. 7, 1930 145 7 11.3 
3 Aug. 19, 1930 154 5 3.4 
4 Sept. 5, 1930 99 4. 4.0 
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the changes may be such that a distinct water is produced. As will be seen, a feature 
of the water of Hudson Bay is the existence of a shallow layer at the surface in which 
considerable seasonal heat storage can occur. In the areas of strong tidal mixing the 
layer does not develop so that the effect of heat exchange (and other exchange processes 
including oxygen) at the surface is not confined there, and becomes distributed over the 
depth. In this way temperature changes at depth in these areas occur which can be 
strongly coupled to and in phase with seasonal temperature change at the surface. An 
example of this is believed to have been observed in 1961 in southern Roes Welcome 
Sound where temperatures to -1.1°C at salinities to 33. 4°/00 occurred at "Calanus" 
station 20 and "Theta" stations 167 and 168. The temperature of this water is believed 
to reflect a recent warming of about 0, 7C°, which is considered to result from the 
absence of an ice cover early in the season, as described in section 4.4, which allows 
a considerable absorption of heat by the surface water to be subsequently mixed over 
the total depth. Thus within Hudson Bay there exists a mechanism which can, under 
certain circumstances, produce changes in a subsurface water. 


The significance within the system of such a change as it occurs in Roes 
Welcome Sound appears small in comparison to that which might be expected in Hudson 
Strait. Campbell (1958; 1959, p. 8), while he recognized the extent of the seasonal 
changes there to the extent that ''The marked changes which the temperature regimes 
have undergone by October (as compared to June) are no less remarkable than the 
changes which have occurred to the salinity field .,.,." did not stress the influence 
of tidal mixing. This is not unreasonable for currents are strong in the region, as we 
have seen, and a number of water masses appear to be involved, For example in 
summer an input of heat can occur in Hudson Strait through local surface heating, 
through a movement of warm surface water out of Hudson Bay, and through an inflow 
of relatively warm oceanic water at depth. In those areas of Hudson Strait adjacent 
to Hudson Bay the temperatures over the depth observed in 1961 and 1962 indicate a 
seasonal heat storage which could have been brought about solely by local heating at 
the surface, and which in turn could have been distributed over the depth by the 
turbulence associated with tidal streams. In these areas, as in Roes Welcome Sound, 
the effect of tidal mixing can lead to the formation of a local deep water. 


Whether the observed warming late in the season throughout Hudson Strait can 
be brought about in similar fashion, i.e., through local surface heating and tidal mixing, 
does not appear to have been assessed. It seems that the extent of an ice cover during 
the period of insolation can influence the total amount of heat absorbed and the final 
temperature attained. Similarly in winter, the extent of heat loss at the surface may 
be influenced by ice cover. The subsequent changes of temperature would be communi - 
cated to Hudson Bay by means of the inflow described. It is concluded therefore that 
there exists a strong probability that variations of water temperature in Hudson Bay 
could occur through influences operating solely within the system. 


3.3 Exchange of energy at the surface 
Little definitive material is available as regards the influence of climate on 


the water of Hudson Bay. The fact that a transition occurs each year from a condition 
of near complete ice cover to one of virtually no ice cover may be taken as a first 
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order measure of the influence. It cannot be assumed however that the influence 
extends directly over the total depth of water for, as in the ocean, density stratification 
exists which largely prevents this, except in well-defined areas. It has been shown 
that a stratification due to fresh water from run-off exists over most of Hudson Bay. 
Within this general feature are observed changes due to the growth and decay of the ice 
cover and the seasonal variation of heat input. 


An attempt to evaluate on a monthly basis the character of the heat exchange 
at the surface is made in a later section. In this heat budget it may be seen that the 
values of the exchange terms except for the effective back radiation, vary considerably 
over the year. The general direction of the change is toward smaller values during 
the period of ice cover so that the annual net gain and net loss values are smaller than 
if there were no ice cover. The influence of the ice cover occurs through its relatively 
high reflectivity to short wave radiation (albedo) as compared to water, and very much 
smaller effective conductivity as compared to water. The first is effective in reducing 
the amount of absorbed radiation, particularly in the spring and early summer, while 
the second leads to temperatures at an ice surface in winter close to air temperature 
so that the flux terms become much less, and indeed almost negligible. The consequent 
reduction in the size of the net gain and net loss values brought about by the existence 
of an ice cover tends to restrict the size of the deficit or surplus which might occur. 
The small net indicated in the budget then was to be expected, as was the result that it 
was a deficit. Both are consistent with the conclusion of Hare et al.(1949) that the 
effect on climate of the water of Hudson Bay is markedly reduced, beginning in the 
autumn, through the formation of an ice cover. 


An asymmetrical ice movement leading to an accumulation within the system 
as described in section 4. 4 could contrive to increase the net gain elsewhere in the 
system early in the season which generally, but not necessarily, would be followed by 
an appropriately higher net loss in the autumn. It is the net heat gain at the surface, 
i.e., the net of the radiative and flux terms of the budget, which is utilized to melt an 
ice cover and to raise the temperature of the water above the freezing point. As shall 
be shown it is characteristic that the increase of temperature, and hence the seasonal 
heat storage, takes place in a mixed layer at the surface. 


3.4 Ice cover and the surface mixed layer 


Lamont (1949) and Hare et al.(1949) showed that by late winter Hudson Bay 
can be expected to be very nearly completely ice covered and suggested the likely 
consequence on the climate of adjacent land areas. Dunbar (1954) provided an 
assessment of what she termed good and bad years and indicated that by late summer 
the region is generally free of ice. Mackay (1952) suggested that late spring temperatures 
were of special significance with regard to time of break-up, Markham (1962) described 
general features of the pattern of break-up, and Mackay et al.(1965) have provided a 
detailed examination of long-term data relative to dates of freeze-up and break-up on 
the Churchill and Hayes Rivers. A significant aspect of recent work relates to that of 
the Meteorological Branch of the Department of Transport whereby ice conditions are 
assessed frequently through air reconnaissance as described by Archibald et al. (1962). 
In the discussion the latter work is utilized in a description of an observed influence 


28 


of the ice cover in Hudson Bay during the 1961 season. Major features of the existence 
of an ice cover relate to the influence on radiative and flux processes and to the re- 
distribution of a portion of the fresh water (and salt) in the sea. These are discussed 
in this chapter in the appropriate sections, Another consideration of the existence of 
an ice cover is that it hinders normal sea navigation and as a result winter oceano- 
graphic data are few. Nevertheless, it has been possible to interpret available infor- 
mation (see section 4, 3) so as to allow a determination of the probable winter surface 
salinity under the ice cover. The interpretation suggests the existence of a cycle of 
salinity of yearly period with a maximum in late winter. Utilizing this conclusion and 
data obtained at a location within Hudson Bay in 1961 a gross estimate of the change in 
near surface salinity structure has been derived (Fig, 9, a). It is seen that except for 
the immediate surface value in July, salinity values did not change markedly during 
the period of observations, and that the main feature of the presentation is based on 
the inferred winter surface slainity which is estimated to be close to 32°/00 in the 
locality. An important feature is that as the open season progressed the surface layer 
showed decreasing structure so that by October a mixed layer occurred to about 40m 
depth, at which time the salinity at this depth in the layer is close to a minimum. 


The increase of surface temperature within a surface layer reflects the direct 
absorption of radiation by the water and downward mixing of this energy. Generally 
this energy input reaches a peak about mid-summer declining thereafter to about 
September at which time the energy input equals the energy output. Subsequently the 
output increases and input becomes zero to the time that the cooling is such that an 
ice cover forms. This, as well as a snow cover which may exist, reduces the loss of 
heat considerably. At this time, and again using the conclusion concerning the surface 
salinity in winter, it is possible to derive (see section 4. 3) the distribution of surface 
temperature in winter under the ice cover. This, combined with the temperature 
data at a location in 1961 allows the delineation of the gross temperature structure 
(Fig. 9, b). A significant feature of the vertical temperature distribution in the ice- 
free period is the intense gradient or thermocline which occurs below the relatively 
isothermal surface mixed layer. The thermocline is initiated after the removal of ice 
and is well-defined and shallow, between 10 and 20m, by August, gradually deepening 
and disappearing with the onset of renewed ice cover. The maximum depth of the 
mixed layer occurs later during this period but it does not appear to be possible to 
define the precise depth. In section 4.3 it is suggested that by the end of the period of 
ice formation the depth of the mixed layer is between 50 and 75m, so that an increase 
in depth up to 25m appears possible. The feature could be of particular significance 
relative to the heat flux under an ice cover, and is mentioned again in the discussion 
of the heat budget. 


3.5 Fresh water from run-off 


In the surface considerable dilution occurs due to the addition of fresh water 
from melting ice and from land drainage. The fresh water being less dense than the 
saline it forms and remains in a surface layer, so that a marked vertical gradient of 
salinity, the halocline, occurs between the layer and the deeper water. In some 
circumstances, and frequently because of the influence of melting ice, the halocline 
structure may extend to the surface. It appears that the least input of fresh water 
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Figure 9. The annual sequence in the near-surface of the salinity and temperature 
structure as derived from the probable late winter surface salinity and 
from data observed in 1961 at ''Theta" stations 35, 187, and 262 on July 
28, September 3, and October 7 and assuming the duration of the ice cover. 
The location of the stations is indicated in Figure 2, a. The closed circles 
or dots indicate the depths at each station at which discrete temperature 
and salinity observations were made. (a) Salinity in parts per thousand 
(°/00) of salt per thousand parts of sea water. (b) Temperature in degrees 
Celsius (°C) from serial and bathythermograph observations. 
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occurs in late winter and the greatest in summer, so that a variation of salinity occurs 
in the surface layer in association with these influences, that is in association with the 
growth and decay of ice cover and with land drainage. 


This and other aspects are assessed in the crude budget of section 4.1 where 
it is estimated that it would require three to four years to establish a steady state at 
the calculated content and annual inflow. On this account it is reasoned that, away 
from coastal influences, the surface layer would likely not reflect seasonal effects due 
to such variation of fresh water inflow, thus the observed changes in the layer are 
probably due to ice. This may be examined in the situation that 150 cm of ice form 
at an initial surface salinity of 31°/00 and assuming an average ice content of 5°/00, 
i.e., 5 grams of salt per thousand grams of ice. Considering a cm” of sea surface 
about 150 grams_-of ice form out of which 4 grams of salt are added to the underlying 
seawater, This is distributed over an estimated surface layer to about 50m depth so 
that the salinity there is increased by 1°/00 by about later winter. Subsequently the 
ice melts causing an addition of near fresh water at the surface and a consequent 
marked reduction of salinity there. It is concluded that while the fresh water from 
run -off determines the existence of a low salinity layer at the surface, the growth and 
decay of ice determine the structure of salinity within the layer. 


The characteristics of regions with large input of fresh water have been well 
documented and are of interest here as it is likely that the circulation pattern which 
couples Hudson Bay to the Atlantic Ocean is dominated by this through the so-called 
"estuarine'' circulation. In this, fresh water entering at the surface remains in the 
surface layer and becomes progressively mixed with salt water as it moves seaward. 
The salt water is provided to the surface layer through upward transfer or entrainment 
from. depths below the halocline i.e., at depths below the surface layer. Here the salt 
water is maintained through an inflow of water at oceanic salinity. The estuarine 
circulation then is characterized by a net upward movement balanced by an outflow at 
the surface and an inflow at depth. It is possible from knowledge of the run-off and 
the salinity of inflowing and outflowing waters to establish the volume of the inflow. 
Pickard (1964) reviewed this simple but useful procedure as derived from principles 
of conservation of volume and salt. With a choice of 30°/00 as the salinity of the out- 
flowing mixed fresh and salt water and 33°/00 as the salinity of the inflowing ocean 
water, the volume of the inflow is determined to be 10 times the run-off, and the net 
upward movement of entrainment, assuming the inflow to be distributed equally over 
the area of the system, is 0.4 x 10~4cm/sec. | 


Two independent estimates of the run-off are made in this work. The first 
stems from the considvration of the amount of precipitation and evaporation over the 
region as outlined in the fresh water budget which provided an annual value. The other 
was obtained from the direct current observations in Hudson Strait and in Fury and 
Hecla Strait, and allowed an instantaneous measure in terms of net transport. The 
values are in general agreement for as mentioned, the net transport over the year is 
sufficient to remove the calculated amount of fresh water from run-off which occurs 
annually. 
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It has not been possible to obtain realistic values of the run-off of fresh water 
at time intervals smaller than a year. A maximum probably occurs with the spring 
and summer freshet and a minimum at some time during the later winter. In certain 
areas and particularly around James Bay and southeastern Hudson Bay a secondary 
peak occurs in the autumn due to direct run-off of precipitation falling as rain. The 
extent to which the variation may be reflected in the distributions of the amount of 
fresh water is not clear. As is remarked in the fresh water budget the observation 
concerning the ratio of the annual run-off to storage would suggest that over most of 
Hudson Bay the seasonal variation of run-off would have little effect. This may be 
said to be generally true as the limited data do not suggest otherwise. In the north- 
east, off Digges Island, an increasing amount of fresh water occurred during the 
period July to October. This does not appear to reflect any particular pattern of 
accumulation or movement within or out of Hudson Bay, and may be related more 
closely to events in Hudson Strait. 


3.6 Surface wind 


"During the greater part of the year the mean pressure distribution 
over the Canadian Arctic depends mainly on the extent of the semi- 
permanent Icelandic low pressure centre and the relatively high 
pressure ridge extending from the Mackenzie River Valley to the 
Pole. In winter a trough from the Icelandic low extends west to 
Greenland. Between this trough and the ridge further west there 
is a strong northerly circulation."' Extracted from Pilot of Arctic 
Canada (Anon., 1959), 


This strong northerly circulation in winter is evident over much of northeastern 
Canada including Hudson Bay. In the Pilot of Labrador and Hudson Bay (Anon. , 1965, b'’) 
of the Canadian Hydrographic Service the following remarks are made in the section 
on the climate of Hudson Bay. 


"The winds are strong in Hudson Bay area during all but the summer 
months. Hourly speeds of thirty to forty miles per hour can occur 
in almost any month but the greatest observed hourly speeds, which 
exceed 60 miles per hour at some coastal stations and have reached 
80 in at least one case, have occurred mainly in the autumn months 
of September, October and November. 


"In spring and fall the region is frequently visited by low pressure 
areas and in consequence the wind direction is variable, although 
there is a tendency for the northwest quadrant to be favoured. In 
winter the western edge of the Bay is effected by the continental 
high pressure area and a very large proportion of the winds are 
from the northwest quadrant. However, this effect does not 
extend to the eastern side of the Bay where no one direction 
predominates. In summer the winds are generally lighter and are 
variable in direction with a higher proportion of on-shore winds 
at coastal stations, the effect of local sea-breeze circulation, "' 
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It appears then that during the period Hudson Bay is free of ice the winds are 
light and variable so that marked effects related to wind are not to be expected. There 
is evidence however that the influence of the high pressure area to the west of Hudson 
Bay persists into the summer so that the surface wind frequently exhibits a strong 
northwest component, particularly in the northwest portion. This has been examined 
for the 1961 sesson utilizing meteorological observations (Anon. , undated a) at six 
stations around the coast and it is of interest that the frequency of summer winds of 
direction N, NW, and W at Chesterfield were generally about 50%, A result of such 
persistent wind would be to produce a movement of the surface water (and ice) which 
in the NWsector would be dominately out of the region. The required replacement of 
this water could occur in part through shoreward inflow of deeper water in a condition 
akin to upwelling. The 1961 data, including those for ice movement, heat storage, 
and distribution of water property in the NW region, suggest an influence of surface 
wind occurred as described, but it does not appear possible to assess the significance 
of the wind relative to other processes which could produce a similar result. 


In the short-term and in local areas the surface wind can have marked effect. 
For example in October, 1961 it was possible to make observations in the vicinity of 
Cape Smith ('"'Theta" stations 259-261) immediately after a storm of about two days 
duration had occurred during which a southerly wind attained near gale force. Sea- 
ward of the cape at station 259 an accumulation of relatively warm low salinity surface 
water was observed to a depth of 80m. The accumulation may be attributed to a 
secondary effect of the wind (Sverdrup et al., 1942) which in this case would produce 
a northerly flowing current associated with which would be on onshore movement at 
the surface. 


In winter the effect of the wind at the water surface would be much reduced 
by the existence of the almost complete ice cover. On the other hand movement of 
the ice cover could be anticipated over Hudson Bay which would represent the total 
effect of the wind over some considerable time. Markham (1962) remarked on this 
possibility but no further information appears to exist. 


4. DISCUSSION 
4.1 Afresh water budget 


Using a technique based on that of (Tully, 1958, p. 531) and a base salinity 
of 33°/00, estimates of the amount of fresh water in Hudson Bay were obtained from 
oceanographic data. The formula 


L 
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where . 
C =the fraction of fresh water to the depth L, 
L =the depth at which the salinity attained S*, 
Z =the depth in metres, and 

S* = the base salinity = 33°/00 (see note*), 


was applied to the observed distribution of salinity at each station and the quantity 
"CL" obtained. This may be considered as the depth of fresh water that would overlie 
the salt water. Values of 'CL' were obtained for much of the data and the distributions 
for 1961 and 1962 are shown in Figure 10. The general features of the distribution of 
fresh water in all the material are, 


(1) a relatively large amount of fresh water between the Belcher Islands and 
the eastern shore, and particularly in the approach to James Bay, 


(2) a possible increase in amount of fresh water in the approach to James 
Bay in October over that in August, 


(3) relatively little fresh water along the northwest and north coasts except 
close to Digges Island, and 


(4) increasing fresh water as the open season progressed in the approach to 
Hudson Strait. 


During the month of August the total volume of fresh water was calculated to 
be about 3.57 x 1012m3, This is equivalent to an average fresh water depth of 4.8m 
over Hudson Bay. Fresh water occurs in Hudson Bay because of direct precipitation, 
condensation at the surface, ice melt, advection with salt water and as ice from 
adjacent areas, and run-off; it is removed through evaporation, advection, and ice 
formation. Other effects such as ground seepage and diversion by man are assumed 
negligible. It is also assumed that precipitation over Hudson Bay is the same as that 
over the surrounding land (which may be more nearly correct in winter than in summer). 
Charts of the monthly precipitation for Canada in 1961 (Anon. , undated) have allowed 
assessment of the total volume of precipitation falling in the Hudson Bay drainage area 
as 1.66 x 102m in that year. It was not possible to examine** in any but gross way 
the extent of evaporation and transpiration over the area, but it seems reasonable 


*The base salinity has not been derived from detailed analysis of the salinity distri- 
butions and may eventually prove an inappropriate choice. At those stations (positions) 
where the salinity was less than S* at the deepest depth of observation, 'L' was taken 
to be this depth. 

**Directly applicable data does not appear to be available for this determination. The 
estimate used above was obtained from the study of Cavadias (1961) and applied to the 
monthly precipitation data for 1961. It seems probable that the effect of evaporation 
and transpiration is larger than estimated here so that the annual run-off would tend 

to be less than that estimated, and the accumulation interval for the fresh water in 
Hudson Bay would be longer. 
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that about 1/3 to 1/2 of the precipitation would be so removed. The resulting annual 
drainage volume then appears to represent between 1/3 and 1/4 the total fresh water 
in Hudson Bay in August of 1961, or conversely the volume of fresh water in Hudson 
Bay represents an accumulation of drainage over an interval of 3 to 4 years. 


During the winter a portion of the fresh water would be bound up in the ice 
phase, perhaps as much as that in a layer 1.5m thick over the region. An estimate 
of the amount of fresh water which exists during the period of ice cover based on the 
derived surface salinity of section 4.3 and an assumed mixed layer depth of 50m has 
been attempted. A tentative conclusion from this is that the amount of fresh water, 
including that existing as ice, does not show marked variation with season. 


4.2 A volume budget 


An evaluation of the net volume transport, based on the current distribution 
across the strait determined by Farquharson et al.(1960, their Figure 7), indicates 
a net outward flow of about 0.1 x 106m38/sec was taking place. This would consist of 
the sum of the net flow through Tury and Hecla Strait (0.05 to 0.1 x 10®m3/sec) and 
the fresh water derived from run-off. At the smaller estimated net transport through 
Fury and Hecla of 0.05 x 106m3/sec the amount of fresh water would be 0,1 x 10°m®/sec 
less 0.05 x 10°m3/sec or 0.05 x 10°m3/gec. A continuous discharge of fresh water 
out of the system at this rate is of the right magnitude necessary to remove the 
estimated 1012m3 of fresh water entering each year from run-off. Using this value of the 
the net fresh water discharge and estimates of the salinity of the inflowing and outflowing 
water in Hudson Bay lead to an inflow estimate of 0.5 x 105m3/sec. Campbell (1958) 
estimated the inflow and obtained the generally similar values of 0.5 x 10®m3/sec for 
October, 1955 and 0.3 x 109m3/sec for July, 1956. Combining these estimates suggests 
the water budget shown below: 


Water Budget 
(m3 x 106/sec) 


In Out 
From the Atlantic To the Atlantic 
through Hudson Strait 0.3 to 0.5 through Hudson Strait 0.4 to 0.6 


From the Arctic 
through Fury and Hecla Strait 0.05 


Fresh water from run-off 0.05 


The outflow through Hudson Strait is the sum of the inflows. The section 
across Hudson Strait where these values are considered to occur is located in the 
extreme west, for as described below it appears likely that a considerable portion of 
the water moving into eastern Hudson Strait may move out without entering Hudson 
Bay. The derivation from the presentation of Farquharson et al,(1960) of the value of 
the net volume transport in Hudson Strait included an evaluation of the outflow and 
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inflow in the section (Big Island to Wales Island); these were 1.0 and 0.9 x 10%m3/sec 
respectively, The values are larger, by nearly a factor of two, than those estimated 
for western Hudson Strait, and led to the consideration that a portion of the water 
entering Hudson Strait from the east changes direction within Hudson Strait. Such 
circulation has been described at the surface with regard to the movement of icebergs 
(Anon. , 1954, p. 12) which are seldom seen further westward in Hudson Strait than 
Big Island. Apparently they enter from the north in the vicinity of Resolution Island, 
move northwest to Big Island, cross the strait to the south shore, and move eastward 
out of the region. Apart from the surface expression based on the movement of ice- 
bergs there does not appear to be other mention of this division of the inflow within 
Hudson Strait, although it was known that a significant portion of a southerly flowing 
current (Baffin Current) entered Hudson Strait (Smith et al.*,1937). An important 
conclusion with regard to Hudson Bay is that variations with time of the transport in 
Hudson Strait, particularly in and east of the above section, may not necessarily 
reflect the influence of events occurring within the system. 


In a detailed analysis of oceanographic data Campbell (1958) also attempted 
a determination of the net volume transport through Hudson Strait and obtained the 


following values, 


Net transport 


Period (x 10°m3/sec) 
winter 0.1 
July 0.3 
late August - early September less than 0. 2 
October 0.2 


These range up to three times the value obtained above, i.e. , three times 0.1 x 10°m3/sec. | 
Also they suggest the existence of marked short-term effects. It appears that he 
considered that variations in the net discharge out of Hudson Strait in response to 
changes in the amount of fresh water entering Hudson Bay from run-off to be almost 
immediate, and remarked "It would be expected that the net volume discharge in Hudson 
Strait would reflect the rise and fall of the river run-off with a time delay of perhaps 
several weeks. '' Consideration of the estimates made here in the fresh water budget 
suggests that the effect of storage within Hudson Bay would tend to delay and smooth 
such responses. It may be that an over-estimate of the annual volume of fresh water 
input led to the conclusion. For example, he estimated that the volume of fresh water 
stored as ice represented "one-tenth of the total annual rainfall over the drainage 
basin", (p. 45), whereas the calculations here suggest that the annual run-off is very 
nearly equivalent to the fresh water stored as ice. 


*The authors considered (p. 83) the volume inflow into Hudson Strait to be about 
0.5 x 10°m3/see. 
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4,3 The probable near-surface salinity distribution in winter 


It was the conjecture of Hachey (1954) that "By freeze-up time the waters of 
Hudson Bay are quite uniform from top to bottom ....". Dunbar (1958) discussed data 
from the northern part of Hudson Bay and considered that "...,. there is no reason to 
suppose that the vertical exchange fails to reach the bottom of Hudson Bay." Thus 
both envisaged apparently, the complete removal of the summer stratification at some 
time during the period of ice cover. This would result presumably through the reduction 
of fresh water from run-off and through the removal of fresh water at the surface in 
the form of ice. Each factor would lead to an increase of the salinity in the near- 
surface such that the halocline observed over much of the area in summer would, by 
the end of the winter cooling period, not exist. The variation from a condition of 
marked stratification in summer to one of no stratification in winter would, if fact, 
constitute a major feature of the physical oceanography of the region. 


Within Hudson Bay observations during the winter months are few. One series, 
taken from the ice in Coral Harbour and reported by Dunbar (1958), indicate a surface 
salinity of 33°/00. Comparison with data obtained there at "Theta" station number 
163 in later summer (Anon., 1964, a) indicates that the value under the ice is the 
higher. In Foxe Basin the only winter data is that at Igloolik observed and reported by 
Grainger (1959). This series extended from September 1955 to September 1956 and 
has been interpreted as indicating that a variation of surface salinity of yearly period 
occurs with a maximum salinity of about 32.5°/00 in late winter prior to break-up. 


In some areas it appears possible to infer a winter surface salinity from 
data obtained in the ice-free period in late summer. For example, in Omarolluk 
Sound in the Belcher Islands the sill depth is about 10m and the maximum depth about 
200m. At ''Theta" station 200 occupied there in September the salinity of the deep 
water was 29.9°/00. About this time the surface salinity in adjacent waters of Hudson 
Bay was observed to be as low as 25°/00. As the water at depth in Omarolluk Sound 
must have derived from near-surface water, it follows that a salinity variation occurs 
here also, and in the range of at least 25 to 30°/00 such that the higher salinity occurs 
in winter. Another example is that of Knight Harbour, Marble Island where a sill with 
a depth of about 6m and a maximum depth of 35m has been interpreted from information 
on Canadian Hydrographic Service chart number 5427. Consideration of "Calanus" 
station 7 (Anon., 1964, b) occupied there in July leads to the conclusion that a similar 
cycle occurs here as well with a range between the 30°/00 observed at the surface 
outside Knight Harbour and the 32. 6°/00 observed at depth inside. 


There are a number of other localities within the Hudson Bay - Foxe Basin 
system where limiting depths significant to this discussion may exist and where data 
in summer have been obtained. Examples include Richmond Gulf and Wager Bay where 
"Calanus" occupied respectively station number 38 in 1959 (Grainger, 1960) and 
station number 46 in 1961 (Anon., 1964, b). In the report concerning the 1959 work, 
Grainger indicated that a limiting depth to Richmond Gulf probably exists of about 13m. 
Examination of the station occupied in Richmond Gulf where a salinity of 27. 3°/00 was 
observed at 120m suggests that a maximum surface salinity of at least this value is 
attained in winter. Information concerning the existence of a limiting depth to Wager 
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Figure 11. The probable distribution of winter surface salinity in the Hudson Bay - 
Foxe Basin system. 
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Bay is also not complete, but that available on the provisional edition of Canadian 
Hydrographic Service chart no, 5440 does not suggest one shallower than about 60m. 
An interpretation of the data obtained there suggests that the winter surface value is 
about 33.1°/00. Observations in Gifford Fiord and Murray Maxwell Bay obtained in 
"Calanus' (Dr. E. H. Grainger, personal communication) indicate that in both areas 
significant lim*ting depths likely exist and that the bottom salinity was about 32. 5°/00. 
Consideration of the data described by Campbell (1964) concerning the high salinity 
water in Foxe Channel suggests that the winter surface salinity there may be as high 
as 33. 8°/00. 


A distribution of the surface salinity in winter derived from the foregoing is 
shown in Figure 11. Within Hudson Bay the distribution is similar to that which has 
been observed in August at 50m but indicates generally lower salinity values than 
have been observed at 75m and deeper. It is therefore concluded that although a 
yearly variation of salinity in the near surface with a maximum in winter does occur, 
a uniform condition from surface to bottom likely does not. Thus in this latter 
characteristic, the water of Hudson Bay is similar to that of other large water bodies 
of the world which have a seasonal ice cover. 


Hudson Bay becomes very nearly completely ice covered (Lamont, 1949; 
Hare et al. 1949; Dunbar, 1954), so that it may be assumed that the surface temperature 
of the water at this time and in these areas is at the freezing point. 


The relationship between the freezing point and salinity has been investigated 
by Thompson (1932) and Miyake (1939); the latter developed the formula which gives 
the approximate relation Ty = 0.0558, where Tr is the freezing point in °C and § the 
salinity in °/00. From this and the derived salinity distribution it may be seen that 
the surface water temperature in the ice covered areas under consideration would 
range from -1. 85°C to -1. 50°C, 


4.4 The influence of ice cover in the 1961 season 


It would be expected that a major feature of the heat budget of a surface water 
could be the extent and distribution of ice in the region during the summer. At this 
time in Hudson Bay, Dunbar (1954) noted that although it is 'virturally clear even in © 
the worst years", conditions are variable, and she provided an estimate of conditions 
at the "height'' of extreme good and extreme bad seasons. Markham (1962) considered 
that usually within Hudson Bay the ice cleared from north to south as a result of "the 
long term mean wind flow". 


It is the purpose of this note to remark on the apparent influence of ice 
conditions on the heat content of the surface water in the southwest part of Hudson Bay 
(Fig. 12) during the navigation season of 1961. Here ice persisted well into August 
by which time all other areas of Hudson Bay were free of ice. It seemed likely that 
the ice represented an accumulation, coincident with melting, due to a general move- 
ment into the region from the north caused by wind. In this way the surface water in 
the north might have experienced, as compared to that in the south, warming for a 
longer period; a circumstance which might be reflected in differing levels of heat 
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Figure 12. Location of Omarolluk Sound within Hudson Bay and the area in Hudson Bay 
where extensive ice cover persisted. Also indicated is the approximate 
position and number of the stations occupied in the sound, and the observed 
distribution of temperature (from BT and serial data), salinity, and 
dissolved oxygen at station 200 there on September 14. 
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storage. As the surface water temperature throughout the area at the end of the cooling 
season is nearly the same, i.e., at the freezing point, an origin is established for 
estimates of heat storage based on temperature observations at a later time. Such 
observations were made in 'Calanus" and "Theta" (Anon., 1964, a and b) beginning 
July 22, 1961 throughout Hudson Bay including the aforementioned area of ice cover and 
in Omarolluk Sound. 


Omarolluk Sound is about 40 miles long and 4 miles wide with a maximum 
depth of 180m and lies in a group of islands through which relatively shallow access to 
the adjacent waters of Hudson Bay exists in the north and south. In each access the 
sill depth as interpreted from available information including that on Canadian Hydro- 
graphic Service chart number 5470 titled Belcher Islands is estimated to be not greater 
than 5 fathoms. Serial data observed there in 'Theta'' on September 15 have been 
interpreted as indicating a seasonal heat storage of about 21 kilogram calories/ em, 
Observations about the same time in the region of ice cover indicate a heat storage of 
between 8-14 kilogram calories/em*. This difference in heat storage would represent, 
assuming the net of the radiative and flux terms to average about 250 gram calories/ em2/ 
July and August day, the influence of ice for a period of about 40 days longer in the 
southwest area than in Omarolluk Sound, The estimate requires a number of additional 
assumptions including such major ones as the similarity of climate in the areas and the 
insignificance of advection in Omarolluk Sound. Because of the restricted access the 
latter assumption does not appear unreasonable, but it does not appear possible to 
assess climatic influences which likely vary considerably over the extent of Hudson 
Bay. It is also likely that advection varies, and wind effect on movement would be 
more pronounced on ice than on water. Thus a deficit of heat in the surface water in 
one area would be compensated through an apparent surplus in another. An assessment 
of the heat storage to the latter part of July, 1961 in Hudson Bay north of the latitude 
of Churchill has been made (Fig. 13). Heat storage varied from less than 5 kilogram 
calories/cm* in the vicinity of areas of recent ice to values in excess of 15 kg-cal /em? 
in the northeast and the northwest. Thus in much of the northwest the heat storage to 
the end of July was approaching that estimated for Omarolluk Sound by the end of the 
heating period, i.e,, by September 15, so that it appears that this area of Hudson Bay 
cleared of ice earlier than Omarolluk Sound. Interpretation (Fig. 14) by Archibald et 
al. (1962) of ice observations from aircraft indicated that considerable open water 
existed in the northwest by June 21 at least and to the northeast by the end of June at 
least. The relatively high heat storage indicated (Fig. 13) in these areas to the end of 
July does not therefore appear unreasonable. The combination of all the data suggests 
that part of this ice moved from the north into the southwest, as described by Markham 
(1962), to accumulate and finally to melt there. The consequence of an ice accumulation 
then would be reflecteu not only in the distribution of temperature and heat content but 
also in the distribution of salinity. 


An area of relatively high surface salinity (32°/00) within Hudson Bay during the 
1961 season was that of Roes Welcome Sound. There the heat storage to August 10 was 
such (Fig. 13) as to be comparable to that described for north Hudson Bay. It seems, 
therefore, that Roes Welcome Sound also must have cleared of local ice relatively early, 
and not to have filled subsequently with drift ice from the north as suggested in the pilot 
(Anon., 1954). The 1961 experience is also contrary to that described by Campbell 


HUDSON BAY 


JULY 1961 
Heat storage, kilogram calories/cm? 
Contour interval: 5 kilogram calories/cm? 
Calanus Stations O 
Theta Stations @ 


Figure 13. Estimated heat storage in kilogram calories per square centimeter in 
period July 22 to 31, 1961 based on serial and BT data of ''Calanus" and 
"Theta". In the area of Roes Welcome Sound the '"'Calanus" observations 
extended to August 10. The origin for the estimate was -1.0°C. 
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HUDSON BAY 
Observed open water, 1961 
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Figure 14. Observed areas of open water in northern Hudson Bay of June 21, June 30, 
and July 4 from the interpretation of Archibald et al.(1962) based on 
limited air survey. 
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(1958) who determined that a net transport of 0.15 x 10°m3/ sec occurred through Roes 
Welcome Sound from Foxe Basin into Hudson Bay in each of the seasons of 1955 and 
1956. Such a transport would require a current of about 30cm/sec throughout the most 
restricted section (depth 53m, area 0.564 x 106m) of Roes Welcome Sound, which 
would have brought a colder water from Foxe Basin, and perhaps ice. That it did not 
bring ice south is of interest, for it appears that generally in the 1961 season and after 
the initial break-up condition was established, ice did not enter Hudson Bay from the 
north. Should the export of ice out of Hudson Bay into Hudson Strait prove to have 
been not less than average, the 1961 season would likely rate as a good year in the 
scale of Dunbar (1954). In consequence the heat storage in the waters of Hudson Bay 
at the end of the heating season of that year may have been greater than normal. 


4.5 Apreliminary heat budget of the sea in the vicinity of Churchill for 1961 


This examination of features of the heat budget in the vicinity of Churchill for 
1961 has been carried out as part of the study of oceanographic data obtained in Hudson 
Bay during the navigation season of that year. It appears that no similar study has been 
made, perhaps because of the lack of suitable data. It is to be recognized that paucity 
of data remains a problem, particularly for the period that Hudson Bay is generally 
non-navigable, so that the results obtained here for the region are preliminary only. 
The work constitutes an attempt to apply available formulation to oceanographic and 
meteorological data in order to assess individual terms of the heat budget. This may 
be expressed, after Sverdrup et al.(1942), for a column of water in the sea during any 
interval At as, 


Mg Qe MH ~ Ve“ Q_FQ,- QV = O (1) 


where 
Q, is the shortwave solar radiation both direct and diffuse incident on a 
horizontal surface at sea level, 
Q, is the shortwave radiation reflected from the sea surface, 
Q, is the effective longwave back radiation, 
Q, is the heat evolved through evaporation (sublimation of ice), 
Qh is the sensible heat conducted from sea to atmosphere, 
Q, is the advective heat brought into the area, and 
Q,g is the heat storage in the column. 


All other sources of heat such as conduction through the sea floor, biological and 
chemical activity, and tidal and wave energy are assumed to be several orders of 
magnitude less than solar radiation and, therefore, of no significance to this energy 
budget. The units used are gram-calories per square centimeter per 24 hours 
(g-cal/em2/day). 


Values of sea surface temperature in the absence of ice were obtained from 
observations in "Theta" (Anon. , 1964, a) in Hudson Bay in 1961 and through inter- 
polation of the temperatures likely existing at freeze-over and break-up. During the 
winter months it was assumed that the snow and ice surface attained the temperature 
of the air immediately above. The extent of ice cover during break-up and the date of 
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Table II]. Calculated mid-monthly values of the absorbed radiation 
(g-cal/om2/day) in the vicinity of Churchill (58°45N94°04'W) and related factors. 


Jan Feb Mar Apr May June July Aug Sept Oct Nov’ Dec 


wanes 


Qog «-90s«ss«180 350, 860-730 780) 730. 690. 410. 230, 100» 60 
C Birkin: Sedu 0 8pSnin- adysittls Breve Tedemod 401 C8 wenden Holt sealer fed 
Q, 80 167 258 386 512 557 493 366 229 125 59 34 
A, 10.8 18.8 29.8 41.2 50,3 654.7 52.8 45,8 34,8 22,8 12/8 8.1 
h 5.6 10.2 15.8 21.8 27.2 29.6 28.6 24.5 18.5 12.1 6.9 4.4 
r 1B.) ciTBiy eT Bale i OwnidbO Logie Sell) ta! aoddaw nel ipheebiads che tubes 
Qe 5 n8Qy np ERE ingle BID h6 AOE oi QBIY qi Bdin owed BOA BB dtadirs nhs 
Qe) BO oh yo Choy Any AEB1, BOD oh AOD oy 806qiii109 .oldORanoBhirhwd 


Qog = the mean solar radiation (g-cal/ cm*“/day) incident on the sea surface under a 
clear sky (Mateer, 1955). 


C = the daylight cloud cover in tenths of sky covered. 


Qs = the estimated solar radiation (g-cal/cm2/day) incident on the sea surface from 
formula 2 of the text. 


A, = the solar noon altitude (degrees). 

h = the mean solar altitude (degrees). 

= the fraction of the solar radiation reflected from the surface as estimated in 
text. 

Q, = the mean value of the solar radiation (g-cal/ em2/ day) reflected from the sea 
surface. 


Qo = the absorbed sular radiation (g-cal/ cm/day). 
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freeze-over were estimated from the report of Archibald et al.(1962) based on air 
reconnaissance. Meteorological data for 1961 at Churchill were obtained from reports 
of the Meteorological Branch (Anon., undated a, b). During the period of ice and snow 
cover it was assumed that conditions over the sea would be the same as over land, l.e., 
the same as at Churchill. For the other months a correction based on observations in 
"Theta" was applied to the Churchill data. 


4,51 Short-wave radiation from sun and sky 


The mean solar radiation under clear skies, Qo? was interpolated from 
monthly charts prepared by Mateer (1955, a) and the mean monthly day-light cloud 
cover, C, obtained from meteorological records (Anon., undated a), which also 
include information concerning observed solar radiation at Churchill for the period 
January 1959 to June 1961. An estimate of the average monthly insolation received 
at the surface, Q,, over Canada was provided by Mateer (1955, b) which included an 
empirical equation relating average insolation to cloudiness. A modification of this 
formula, and similar also to that derived by Laevastu (1960), of the form 


Qs = Qog (1-0. 0008C3) (2) 
was applied to obtain the tabulated values of Q, of Table III. 
4,52 Reflected short-wave radiation 


The short-wave radiation absorbed at the surface, Q , shown in Table III was 
obtained from Q, after a value of the albedo, r, was determined for each mid-month. 
The albedo is primarily a function of the solar altitude and the nature of the surface. 
To a lesser degree it is affected by the cloud cover and the height, and also the 
turbidity of the air mass. Anderson (1952) described the albedo of a lake surface as, 

b 
r=ah (3) 


where h is the mean solar altitude and a and b are empirically defined constants 
dependent on cloud height and cover. The average cloud cover was broken middle 

cloud for most of the year. Although Anderson does not give values for middle cloud, 

a linear interpolation gave values of a = 2.18, b = -0.97 for middle scattered, and 

a= 0.96, b= 0.68 for middle broken. Values of r for August to October were calculated 
accordingly and entered into Table III. For other months use was made of the work of 
Williams (1961) and his estimates of the albedo of snow and ice surfaces as follows, 


Surface r (albedo) 
New Snow . 80 - .90 
Old Snow .60 - . 80 


Melting Snow .40 - . 60 
Ice .40 - .50 
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During 1961 snow fell on practically every day during the winter months, This should 
result in an average new snow cover. However, the winds are quite strong in this 
region and, therefore, it is possible that considerable drifting took place leaving bare 
patches of ice and old snow. In consideration of this, an albedo of 75% was taken for 
the winter months. As little sunlight occurs during this time of the year, a large error 
in r will not seriously affect the yearly totals. From ice reports during the spring of 
1961 it was estimated that the melting of snow began toward the end of April and into 
May. As snow was falling nearly every day at this time, the combined effect of fresh 
and melting snow is estimated to have produced an albedo of 70%. During May, an ice 
cover of 9/10 was reported with no puddles. Assuming some melting snow cover, then 
the albedo was approximately 50%. Reports for June indicated 8/10 ice cover, 2/10 
puddle cover, hence on albedo of 45%, Average ice conditions in July were 3/10 ice 
cover with puddles and 7/10 open water, hence an albedo of 17%. Open water then 
occurred until freeze-over on the middle of November. November conditions were 
estimated to be 50% ice cover with new snow, so that an albedo of approximately 55% 
was assigned. 


4.53 Effective long-wave back radiation 


The sea surface emits long-wave radiation energy in proportion to the fourth 
power of its absolute temperature. The wavelength of this radiation is also determined 
by this temperature. The wavelengths emitted by the sea surface are almost completely 
absorbed by the atmosphere (Greenhouse effect), which also radiates back to the sea 
surface, The remainder is the effective long-wave back radiation Q,. This is tabulated 
in Table IV as calculated using formulation derived by Andetsoti (1952) in the Lake 
Hefner study. It was assumed that the equations obtained at Lake Hefner would apply 
to the Churchill area, and it was expected that errors introduced by this asstitiption 
would be small compared to errors in cloud cover and cloud height observations. it 
was also assumed that ice surfaces and snow surfaces have the same emmissivity 
factor as water surfaces. It is known that snow is an efficient radiator so that its 
emmissivity factor is probably approximately equal to that of water. However, ice 
cover becomes a less efficient radiator as more air bubles become trapped in it. 

During the spring this might be a source of error, but it is possible that a thin layer 
of melt water is responsible for the radiation during this time. 


It is noted that the values of Q, were calculated assuming the existence of a 
complete ice cover during the winter months. | 


4,54 Evaporation 


The calculated values of the energy exchange associated with evaporation and 
sublimation, Q,, are tabulated in Table IV. During much of the year and especially 
in late winter Q, has little effect on the energy balance. Most evaporation occurs 
from August to November; the total for the year was about 0, 2m. 
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Table IV. Mid-month values of each of the radiative and flux terms, the precipi- 
tation falling as snow, and the open water correction, all in g- eae em*/ day. 


SS EE TES SORE CEI SR NT 8 AT POT ON PCNA onerous Sent SeretSrwsioreniibin at!) an bret atlaicon sbwsst trl etnc-entes ste ana chstnstasetidonis 
Se a ne ee en SR NE I: ee ta eH aeeue . + ee eet eens ae ae ee 


Ngati Feb Mar Apr May whine July Aug Sept Oct Nov. Dec 


Qo 20 42 64 116 256 306 409 326 199 102 26 9 
Q 87 96 oo 105° “Fin 122 100 80 77 116 166 (Mi 
Qe A 7 10 it 28 20 23 62 74 90 99 6 
R au tee UO OO” RS Ree ee. et a oe 1.3 Ler KO. a 
Qh 0 0 0 0 6 iT 16 19 24 112 189 0 
Y ne, = 10 ~iT -6 =o -14 -23 -6 
c =19 16" =12 ~7 -15 
net ou ~to  =Gl- =-22 JOO 157 902° 266 24 -216 -428 -89 
Q, = absorbed solar radiation from Table III. 


a ” effective back radiation. 


Q, = evaporation. 

R = Bowen Ratio. 

Qh = sensible heat conduction. 

P = heat required to melt the precipitation falling as snow. 
c = correction for open water from Table V (i). 


net = Q, - Qn - Qo - Q tc: 


4.55 Conduction of sensible heat 


The amount of sensible heat, Qy, conducted away from the sea by the atmos- 
phere is dependent on the vertical temperature gradient and the eddy conductivity. The 
eddy conductivity and the amount of sensible heat conducted are both difficult to measure 
directly. If it is assumed that the co-efficient of eddy conductivity of water vapour is 
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identical to the co-efficient of eddy conductivity of heat, then as first suggested by 
Bowen (1926), 


Q 
ae HNIC 6 be Nie ay seetaa ic (4) 


where T, and ay are the sea and air temperature (°C), and eg and e, are the respective 
vapour pressures (mb). Values of (4), the Bowen Ratio, and of Qy are entered in 

Table IV. It appears that sensible heat conduction is significant in the autumn and was 
an important source of atmospheric heat at that time. 


4.56 Precipitation 


The energy exchange which could be associated with the melting of that 
precipitation falling as snow is shown in Tables IV and V in the months that it occurred. 
As the ultimate fate of the snow is not known the value is not included in the net of 
Table IV, but is included in the net of Table V, and in the estimate of the change of 
heat storage of Table VI. 


4.57 Net of the radiative and flux terms 


Were it not for the existence of open water during the winter months the net 
of the radiative and flux terms at mid-month could be obtained as the sum of Q, - > 
Qp - Q,- The open water necessitates a correction based on the amount of open water. 
When the wind blows steadily from the south or southwest for several days at Churchill 
a lead about 10 miles wide opens between fast ice and pack ice. This lead closes if the 
wind changes its direction to north (Donovan, 1957). Assuming that this lead represents 
the sum of all the leads to the north, then the area of open water is 2% of the total area. 
With a surface water temperature of -1.6°C during the period of ice cover, the several 
terms of the heat budget for open water were calculated (Table V). In each of these 
months except May a net loss of heat is indicated. The loss would occur mainly 
through conduction of sensible heat and effective back radiation, and to a lesser extent 
through evaporation. 


Each mid-month net value of Table IV includes the correction for the existence 
of 2% open water. The greatest gain occurred in July and the greatest loss in November; 
the periods of no-net-transfer occurred in April and September. The yearly gain of 
heat was 22,690 g-cal/em2, and the yearly loss was 23, 405 e-cal/em~, Due to the 
difficulty of estimating an average condition for early November it is considered that 
the flux of heat to November 15 could be substantially in error. 


Another factor which could influence significantly the annual totals is the value 
estimated for the albedo during the break-up in June and July. In these months in the 
region seaward of Churchill extensive open water developed to the north with an accumu- 
lation of ice to the south. The ice appears to have consisted to considerable extent 
of an ice advected from the north as described in section 4.4. The ice would not only 
reduce the value of the adsorbed short-wave radiation through increased albedo (of 
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Table V. (i) Mid-month values of each of the radiative and flux terms over open 
water, precipitation included. The terms are as in Tables ITI and IV; the net is 


Dec Jan Feb : mies Apr May 
Q, 34 80 Ce ee ae cos ae 
r 35 30 20 15 12 10 
Q 22 56 134 221 342 461 
Qp 246 295 279 248 185 110 
Qe 150 160 170 164 148 46 
Qh 383 503 484 406 354 12 
Pp -6 -5 ~5 -10 me -6 
net -765 -907 ~804 -607 -362 ~287 
A (ii) Midaratiith ee of ae éuiaiccede (cm) for December 1960 to May 1961 as 
interpreted from Swanson (1961) and Anon. (1961), and the heat, Q;, released 
by ice information. 
Dec Jan Feb Mar Apr May 
ice 50.8 86.4 108. 8 123.0 134.7 134.7 
Qy -112 =92 -57 ~37 -30 0 


the ice compared to open water), but also would reduce the sensible heat by the amount 
required to change the temperature and melt the imported ice. An indication of the 
influence of this factor on the seasonal heat storage in this area during August is 
shown in Figure 18. In this a marked gradient existed seaward of Churchill, there 
being much more heat to the north than to the south. Here the ice persisted well into 
August so that it is considered that the greatest gain (the net of the radiative and flux 
terms) probably occurred about this time. 


Because of the uncertainty attached the estimate of each term of the budget 
neither the net loss nor the net gain can be considered precise. Similarly it would 
not be realistic to attach too much significance to the deficit (sum of net loss and net 
gain) of 700 g-cal/cm%, although it may be generally representative of ice covered 
regions within Hudson Bay. If so the deficit must be balanced* by advection either 


*For an individual year the deficit may not be balanced but on the average must be or 
the region would become colder. 
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Table VI. Mid-month values of the latent and sensible heat required to change 
the state and temperature as described in the text, and the sum of the net and 
the heat storage, Qo, 


Jan Feb Mar Apr May June July Aug Sept Oct Nov Dec 


ra rr etn Te NA A RE nA te ea RY A ¥en 


net -90 -78  -51 -11 109 157 302 165 24 -216 -428 ~89 
Qo SHOT BON NATH | MAT 250 230 -400 -400 "-118" 
a, 85 206 184 28 


net = as obtained for Table IV. 


Qp = heat required to change the state and the temperature. Values in italics 
represent latent heat and are from Table V (i) and (ii), and are = P + Q_. 


Qy = heat brought into a region by currents and here determined as the remainder 
of the net and the sensible heat storage. 


through a net export of ice out of Hudson Bay or by the import of relatively warm 
water. Data concerning the actual or relative amounts of imported and exported ice 
are not available so that this interesting aspect cannot be examined. The estimated 
upward movement of 0.4 x 10-4em/sec (Barber, in review), at an average temperature 
difference between the warmer deep water and the surface water of 0.3C° would provide 
about half (380 g-cal/ cm”) the deficit. This movement is associated with the seaward 
displacement within the mixed layer of the fresh water entering the system from run- 
off. 


4.58 Heat storage and advection 


That a seasonal variation in the value of the heat storage, Qe: occurs is 
suggested by the observation that in winter an ice cover forms and in summer the ice 
is dissipated and a thermocline develops. The data are not sufficient to allow an 
assessment of the heat storage at each mid-monthly interval but a number of values 
have been derived and entered in Table VI. For the months of ice formation (December 
to April) the latent heat released by the formation of ice (Table V) is considered the 
major loss, but one which need not be balanced by advection. During the period of 
ice (and snow) melt the storage term includes the latent heat but it does not appear 
possible to estimate the appropriate mid-month values. August and September values 
were obtained from the temperature data observed seaward of Churchill at "Theta" 
stations 63 (August 3; 5.0 kg-cal/em?), 192 (September 11; 14.9 kg-cal/cem*), and 
240 (September 28; 18.8 kg-cal/cm?). In October and November the sensible heat 
stored during the ice free period is given up mainly through back radiation and 
convection. The assumption of complete freeze-over on November 15 at which time 
the surface temperature would be at the freezing point and the surface layer about 40m 
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allowed an estimate of the heat loss from the time of the occupation of station 240, 
hence the mid-month values. 


Values at each mid-month of the advected heat, Qy, as the difference between 
the net of the radiative and flux terms and the sensible heat storage were possible for 
only the monthe of August to November (Table VI), In each of these months heat was 
advected into the area with a peak in September. From the knowledge of the distribution 
of heat at this time it would seem that the heat existing to the north was advected into 
the area off Churchill by a southerly directed water movement. During the ice-free 
period and during break-up the advection of water and ice from a general northerly 
direction can be a significant factor in the summer heat budget of the water in the 
vicinity of Churchill. 


4,59 Other aspects 


Of interest in the assessment of the heat budget in ocean areas is the extent 
to which deductions concerning water movement follow. The present work cannot be 
considered particularly informative in this respect except as already mentioned. One 
reason for this is that after the formation of an ice cover the water temperature in the 
mixed layer is at the freezing point so that a horizontal temperature gradient does not 
exist, or is very small. Horizontal water movement within the layer then would not 
advect significant amounts of heat. This consideration is distinct from that relative 
to the heat flux due to entrainment into the mixed layer of deeper water. As was 
calculated the latter process could provide an amount of heat equal to about half the 
estimated deficit. 


The remaining portion of the deficit could be met by a net export of ice, and 
in the absence of data one may speculate that it may be a representative value for the 
net export. If it is, it would suggest that Hudson Bay does not contribute greatly to an 
ice movement to seaward out of Hudson Strait*. 


Another process which might provide additional heat to meet the deficit is 
one related to the growth of the mixed layer whereby a depth increase of the layer may 
occur during the period of active ice formation. This feature has been mentioned but 
it is emphasized that data concerning this in Hudson Bay are not availabe, Coachman 
(1963) indicated that in the Arctic, summer influences penetrated to a depth of about 
25m and winter processes deeper but not deeper than 50m. The increased depth in 
winter was associated with an increase of salinity in the layer apparently due to the 
increase of density at the surface and the consequent vertical mixing. By analogy 
with the evolution of the mixed layer in the absence of ice, it seems that the ultimate 


*Smith (1931, p. 49 to 51) reviewed information concerning the movement of ice with- 
in the system and provided an assessment of the relative contribution of the various 
sources of ice to the "pack to Labrador". Apparently he did not consider the contri- 
bution from Hudson Bay to be particularly significant, but it is to be noted that on the 
basis of information then available he was able to remark "The bay itself remains 
comparatively free from ice during winter except for a 5 to 6 mile wide fringe". 
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depth of the winter mixed layer is determined more by vigour of the mixing process 
there and less by the depth within the halocline that the salinity of the mixed layer is 
attained. Thus the increased depth of the mixed layer would involve a change in the 
structure of the top of the halocline and a flux of salt into the layer. This salt would 
contribute to the overall salt balance, the consideration of which led to the derivation 
of the value of the average upward movement into the mixed layer and the heat contri- 
buted to the layer from the deep water. It is concluded therefore that the flux of heat 
which may be associated with the change of structure of the mixed layer in winter can- 
not be considered as being additional to that already derived. 


Another aspect of the possible deepening of the mixed layer relates to the 
existence of supercooled water. From the foregoing it follows that two processes 
likely exist which lead to a flux of salt into the mixed layer during the winter. One 
occurs because of the freezing out of fresh water at the surface and the formation of 
an instability there; the other results as a secondary effect of this formation. 
Untersteiner et al. (1964) assumed a model of the mixed layer in which the only salinity 
change allowed was that related to the freezing out of fresh water. The existence of 
another salt flux mechanism suggests the model may not be appropriate, and hence the 
conclusion concerning the existence of 'substantial super-cooling" need not follow, 
even though it may be fact. 


4.6 A model 


It does not appear possible to ascribe a degree of importance or relative 
significance to any one of the various factors which contribute to the character of 
Hudson Bay water, although the free connection to the Atlantic Ocean, the large run- 
off, and tidal mixing in Hudson Strait would appear to be among the first in importance. 


The first makes it possible for a water close to oceanic salinity to occur in 
Hudson Bay, the second likely drives the main circulation, and the last leads to modi- 
fication of the water to such an extent that it may be considered peculiar to the region. 
Elaboration beyond this is difficult, and becomes somewhat speculative. This will be 
apparent in this section where an attempt is made to bring together all that is available 
in order to provide a simple model of events, and to include something of the circulation 
within Hudson Bay. Little direct evidence of the movement of water exists but this, 
together with inferences derived as in the following paragraph have provided the attempt 
with a measure of success, it is believed. 


As suggested in the description of the time series data of Figure 6, a trend 
to a water warmer anc containing more oxygen is indicated in the north late in the season. 
The high oxygen values indicate that the water comes from Hudson Strait and is not 
entirely a re-circulation of Hudson Bay water. That such a warm water could exist 
within Hudson Bay was indicated earlier in the data presented by Bailey et al.(1951), 
wherein a water in the north central area at 100m about -1. 2°C and 33.0°/00 was 
observed during the period September 9-16, 1948. Primarily because the deep water 
salinities of 1948 were greater than those of the 1930 ''Loubyrne'"' observations, they 
considered that the feature was due to an "increasing Atlantic influence" associated 
apparently with an amelioration of the general climate (Dunbar, 1958). Interpretation 
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of the 1961 and 1962 data suggest it probable that the explanation, when known, will 
include the influence of seasonal effects, and in the following discussion this will be 
emphasized. However, it is important to recognize that the extreme of the seasonal 
trend to a warmer deep water in Hudson Bay may not yet have been observed, so that 
it is not possible to state with confidence the extent to which average or steady state 
conditions are represented in the usual late summer (August and September) distri- 
butions. Consideration of the extent to which seasonal changes of temperature and 
salinity have been observed in Hudson Strait tends to support the view that further 
change could occur. Bailey et al.(1951) were not aware of the occurrence of such a 
seasonal cycle and therefore were not able to discuss it in relation to a longer term 
Atlantic influence. Available data are not sufficient to provide for rejection* of their 
hypothesis. There are therefore two aspects of the observed changes which must be 
considered; these are that, 


(1) the more recent, 1948 and later, observations were made during a period 
of relatively strong Atlantic influence, and 


(2) acyclic variation with yearly period occurs in the deep water in the 
northern part of Hudson Bay. 


Dunbar (1951; 1958) envisaged a direct relation between variations in an 
Atlantic influence and climatic changes. He compared (1958, p. 186) the temperature- 
salinity relationship of the 1953 and 1954 "Calanus" observations with those of ' Loubyrne" 
and "Haida" and concluded that there was no evidence in the ''Calanus" material to 
support the existence of climatic change since 1948. Beyond this the first suggestion 
above does not appear to have been examined further except here in a footnote in which 
doubt is cast on the basis for the argument that climatic change had occurred in the 
interval including 1930 to the present. The second aspect is of interest for it leads 
to consideration of the nature of the seasonal cycle of the deep water, and in particular, 
of the process which determines the cold portion of the cycle. Campbell (1964) and 
Barber (in review) described the process each considered significant. While quite 
different the processes are similar in that they proceed in winter and occur primarily 
at the surface in association with cooling and ice formation. It seems that a quantitative 
assessment of the heat and fresh water budgets would allow definitive statement 
relative to the significance of either process, although sufficient data may not exist. 
That an extreme cold and deep water exists in Foxe Basin and northern Hudson Bay 
appears fact nevertheless, so that the subsequent fate of this water within Hudson Bay 
is of interest as well as its participation in the observed seasonal cycle. It is proposed 


*In the main the physical evidence for "long-term" changes of the temperature of the 
water in Hudson Bay appears to be tenuous for, 
(1) the "Acadia" data of the 1930 season do not support the hypothesis based 
on the ''Loubyrne' 1930 data that a particularly cold water occurred in 
Hudson Bay in that year, and 
(2) while the "Acadia" data of 1929, 1930, and 1931, (Fig. 15) do not indicate 
the existence of the tongue-like distribution observed in 1961 and 1962, 
the general temperature level in the deep water does not appear signifi- 
cantly colder than that observed in August, 1961. 
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Figure 15. Temperature (°C) distribution at a depth of 75m from data observed in 
"Acadia" in 1929, 1930, and 1931. 


LATE WINTER 
HUDSON BAY ind lt STRAIT ATLANTIC OCEAN 
j TIT TS, 7X, ELEGY 


ae, 


fy 


Y GENERALLY ICE COVERED 
Z, 40 SOME DIS TANS SEAWARD 


PARTIAL ICE COVER / 


<_—.___.. 


(1) Low saints surface layer 


Part of Baffin current 


Relatively warm at depth 


LATE SUMMER 


Se) kee 


qua) Part of Baffin current 


= 4) — eS se = ee ae ee ee —-----> —----> 


Relatively warm at depth 


Indicates outflow 
(1) Outflowing low salinity surface water 
(Il) Relatively warm and saline Atlantic water 

(\Il) Generally cold surface water of the Baffin current 


(IV) A water formed in Hudson Strait which 
exhibits winter and summer characteristics 
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to examine this through use of a schematization (Fig. 16) or model of the region. In 
this it is assumed that the influence in the system of any transport through Fury and 
Hecla Strait is not significant. Two situations are considered, one in late winter the 
other in late summer. In both a low salinity layer is considered to exist over most of 
Hudson Bay but in the winter situation it is considered that over much of Hudson Strait 
and northern Hudson Bay an isohaline condition is approached, Mixing due to strong 
tidal currents is considered to occur generally throughout Hudson Strait to Roes 
Welcome Sound, and particularly in and adjacent to the north-south section containing 
Digges, Nottingham, Salisbury, and Mill Islands. The quantitative significance in the 
model of the mixing due to tidal activity has not been assessed, but it appears that at 
least in the aforementioned section, the structure is very nearly isohaline except close 
in to the Digges Island side due to the large volume of outflowing low salinity water 
from Hudson Bay. It may be emphasized that while the role of tidal activity is likely 
not critical to the later winter model as here presented, it probably plays a further 
role through both mixing and advective processes which maintain significant ice free 
areas in winter. 


As depicted in the schematized late winter situation a partial open water 
condition is indicated in the vicinity of Hudson Strait (this may on the average have a 
particular pattern not now known) where radiative and flux processes proceed unrestricted 
(by ice cover) and lead to extensive cooling. The water thus cooled is relatively dense 
and initiates vertical movements, likely to the bottom in some areas, and moves away 
from the region at depth into Hudson Bay and into the ocean. It is believed that the 
formation of the water may be enhanced through the movement into Hudson Strait at the 
surface of a water recently influenced by cooling and freezing along the east coast of 
Baffin Island. The contribution into Hudson Bay must mix to some degree with the 
deep water there but as shown a portion retains its identity at least into the following 
summer. With the advent of summer the process declines and by late summer the ice 
cover is almost completely removed and the low salinity surface layer extensive and 
well-defined. The seaward movement of mixed fresh and salt water of this layer is 
compensated through a shoreward movement of the deep water. Some mixing of these 
waters in the area of strong tidal mixing occurs so that the deep shoreward movement 
consists in part of surface water within the system and an oceanic water. The first 
may be quite warm or contain considerable heat as may the water of oceanic origin so 
that the shoreward movement is relatively warm. Thus the seasonal cycle in the deep 
water is maintained by the continuing influence of an Atlantic water, the formation of 
a cold water at the surface in winter, and the downward mixing of heat absored at the 
surface in summer. 


The extent to which the seasonal cycle is observed at depth within Hudson Bay 
is determined by the cnaracter of the pattern of water circulation. The relation of the 
main feature of the pattern to the estuarine circulation has been described, and the 
Pilot (Anon. , 1954), Dunbar (1958), and Campbell (1959) provided information concerning 
currents in the northern approach passages. Except for the strong outflow from Hudson 
Bay in the vicinity of Digges Island the advice is somewhat contradictory, perhaps 
because direct evidence of features of the water movement within Hudson Bay is meagre. 
Remarks based on casual observations of the drift of flotsam and jetsam (Anion. 1954 p.10;2 73) 
Flaherty, 1918, p. 458) indicated a movement from west to east across southern Hudson 
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Bay and to the north out of James Bay and along the eastern side into Hudson Strait. 
Along the eastern side shoreward of the Ottawa Islands the movement is described on 
Canadian Hydrographic Service chart 5449 as "strong northwest current" and "constant 
northerly current", South of the Ottawa Islands to James Bay some detail of the 
current pattern based on an interpretation of temperature and salinity observations 

was provided by Grainger (1960). At the surface and 10m a general movement occurred 
out of James Bay northward to the east of the Belcher and Ottawa Islands, but with a 
significant movement to the northwest out of James Bay passing southwest of the 
Belcher Islands. At 50m the latter movement was pronounced and appeared part of a 
general clockwise circulation around the Belcher Islands at the depth. 


During the 1961 season an attempt to follow the drift of the Rankin Inlet navi- 
gation buoy was not conclusive. Apparently the buoy went adrift from a position within 
Rankin Inlet in early August and two sightings were made. The last, an apparent one 
by radar only, put it in a position (61°29'N 85°26'W) about 70 miles southwest of Coats 
Island on September 17. 


Hachey (1935) on the basis of drift bottle recoveries from releases (Tab!- IT, 
Figure 17) on August 6, 7, 19, and September 5, 1930 concluded that "the general 
circulation of the surface waters of Hudson Bay would seem to be an anticlockwise one, 
with the outward movement of the waters from James Bay area holding close to the east 
coast of Hudson Bay". This circulation is consistent with the likely pattern of move- 
ment of the fresh water from run-off entering Hudson Bay, particularly in the area 
south from Churchill to James Bay and along the east shore, so that it is not necessary 
to postulate onshore transport due to wind in order to explain the recoveries. A note- 
worthy feature of the returns is that none were reported from any part of northwest 
Hudson Bay from about Churchill to southern Coats Island. This suggests that the 
surface movement here, relative to the release areas, was away from the region. A 
peculiarity of the surface circulation in many seasons relates to the accumulation of 
ice in the southwest portion. The accumulation is not entirely compatible with the anti- 
clockwise movement inferred from the drift bottle recoveries; indeed Markham (1962) 
from ice observations was led to suggest that perhaps northerly movement occurs in 
July and August of that ice in the vicinity of Churchill. Such a movement would be 
compatible with the lack of drift bottle recoveries described, and supports the existence 
of an offshore movement of the surface water in the northwest region. Movements 
into the region from Roes Welcome Sound and from Hudson Strait through Fisher Strait 
could be expected and have been reported, and as well an upwelling of deeper water as 
described in the section on surface wind could be expected. That a southerly movement 
out of Roes Welcome Sound did not occur prior to July in 1961 is deduced in section 
4.4 from features of the seasonal heat storage. 


Later, in August, a relatively high heat storage is indicated (Fig. 18, a) for 
much of Hudson Bay. Locally some departure from this occurred, particularly to the 
northeast of Coats Island where an extremely high value was observed, and off the 
southern extremity of Southamption Island where an extremely low value was observed. 
In the southwest the values were estimated from data observed to about mid-August 
and, as would be anticipated, strongly reflect the influence of the ice cover as has been 
described. Heat budget calculations from the water adjacent to Churchill indicate that 
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Figure 17. A re-presentation of drift bottle data of Hachey (1935) showing the line 
along which the bottles were released, the approximate point of recovery, 
and the inferred movement. The time of release of each lot is indicated 
in Table II. 
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Figure 18. Features of the seasonal heat storage in kilogram calories per square 
centimeter. (a) Heat storage in August 1961. (b) Change of heat storage 
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during period July to August 1961 (the July distribution is discussed in 
section 4, 4). 
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in August 1961 the net of the radiative and flux terms to be about 5 kg cal/c :m into the 
water. Assuming this to be generally representative of the northern portion ee in the 
absence of significant advection the August heat content should be 5 kg cal/ em? greater 
than that for July. The observed difference is shown in Fig. 18, b. Indicated is an 
area in the north central portion of average, i.e., 5 kg ade and surplus heat 
storage; deficit values are indicated close to the coast in the northwest and in the north, 
and in the section Ottawa Islands to Mansel Islands. 


The deficit in the latter region could be due to advection from the south of 
relatively cold water recently influenced by ice cover and ice melt; the accumulation 
of ice in the southwest leads to such an explanation. The existence of the ice also 
leads to the conclusion that the heat surplus in the north central area must come about 
through an advection from the north rather than the south. An interpretation of the 
figure for the difference of heat content suggests the northwest area as a likely partial 
source. Both the drift bottle and heat storage data then suggest the northwest may be 
a region where in many seasons a departure from the simple anticlockwise movement 
of surface water occurs. As already inferred this could be due to wind. 


The distribution of density at depth in the northwest in 1961 (Fig. 6, d) in 
which occurred a shoreward shallowing of sigma-t surface with an offshore trough is 
compatible with the existence of a surface outflow there due to wind. It does seem 
however that the configuration may be determined to an extent by the relative location 
of the isolated cold water and the tongue of warm water* (Fig. 6 a, b), so that it is 
probabie that the distribution reflects as well the influence of the winter and summer 
processes which occur predominately in Hudson Strait. The inference constitutes one 
of the more interesting aspects of the physical oceanography of Hudson Bay and a 
comprehensive description would require considerably more data than now exist. Of 
related interest is the extent to which a re-circulation of the deep water occurs within 
Hudson Bay. Some evidence for this exists as mentioned earlier and as indicated in 
the distribution of dissolved oxygen on the sigma-t surface (Fig. 7), but this is only 
one possible interpretation of the data. In this, water of low oxygen content is shown 
as extending across the northern portion suggesting a movement from east to west. 
The distribution of depth on the density surface (Fig. 6, d) is relatively flat in this 
region, but on a deeper surface not shown the possibility of a movement from east to 
west across northern Hudson Bay merging with a movement out of Hudson Strait is 
better defined. On the surface a general orientation about a relatively shallow and 
centrally located region as in Figure 6, dis marked. Thus the existence of an anti- 


*The incomplete coverage of the survey of September 1962 (Fig. 6, c) indicates the 
warm tongue to be mo.e extensive than observed in either July or August of 1961, and 
the position of the cold water to be to the southwest of that observed in 1961. These 
features are compatible with the visualized formation of water in Hudson Strait and 
the subsequent movement anticlockwise about Hudson Bay. It is possible to derive a 
speed for this movement (the position in each year and the estimated mean time of 
formation of the cold water indicates a movement of about 300 miles in about 5 months 
or about 2 miles/day or 4 cm/sec), but the data are not sufficient to allow acceptance 
of the derivation without more than the usual reservation. 
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clockwise movement at depth throughout the unrestricted part of Hudson Bay appears 
to occur. Some departure may be noted in the south where the surface is avrain 
relatively flat. This is true of the deeper surfaces which taken together suggest a 
restriction of water movement. This could be due to an influence of the central shoal 
(Fig. 7), and perhaps to an influence associated with the movement or flow at depth 
into James Bay. 


The assumption that such an inflow occurs follows from a consideration of the 
influences likely to be significant there. An assessment of them for James Bay could 
proceed in the same manner as in this chapter for Hudson Bay, except that the data 
are even fewer. In this respect most of the southeastern portion of Hudson Bay is 
similar to James Bay. An obvious conclusion is that more data are required for the 
entire system. 


4,7 Suggestions for future work 


Because of the restricted period of navigation and consequent difficulty of 
data acquisition over much of the year, it would seem of more than the usual importance 
that the data requirement, in terms of number and location of stations and frequency 
of observation, be carefully established. The considerable influence of Hudson Strait 
needs elaboration, which in turn would lead to a program of observations, in that 
equally difficult area, although it appears that data now available have not been fully 
exploited. Information on the extent and location of open water, and the amount of ice 
cover at frequent intervals would be required, particularly in areas of intense mixing 
as Hudson Strait. More meteorological observations would likely be required as 
would information on the distribution and amount of fresh water from run-off. Time 
series observations, suitably located, would probably provide the most useful type of 
data; a consideration which applies to Hudson Strait as well as Hudson Bay. The data 
for Hudson Bay might have a more fundamental application for it seems possible that 
an increased general understanding of the processes significant to the growth and 
decay of the mixed layer could result. Stewart ( 1963) remarked on this with regard to 
the Arctic Ocean, but work there does not appear to have been undertaken. It is 
considered here that certain characteristics of Hudson Bay, arising from the degree 
of isolation from the main ocean and the atmosphere, indicate that it may be a particu- 
larly suitable location for such experiment. 


5. SUMMARY 


A review of source data in Hudson Bay to 1962 is provided. Distributions of 
salinity, temperature, sigma-t, and dissolved oxygen as observed during the navigation 
period of summer are described and the factors which lead to these distributions 
discussed. An attempt to assess these factors and their influence leads to considerable 
speculation which in turn provides the basis for a simple model of events and for a 
pattern of the circulation. The degree of speculation serves both to emphasize the 
paucity of data and to suggest the nature of future work. Hudson Bay may provide a 
suitable region for certain fundamental studies in oceanography. 
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